Solutions Final exam in DRE 7017 Mathematics, Ph.D.
Date October 2nd, 2018 at 0900 - 1200

QUESTION 1.
(a) We have that
1 1 0 1 2 1
A+I=[(0 1 1| = (A+D*=(1 2 1
1 1 0 1 2 1
This means that (A + I)? - v = 0 is given by vy + 2v3 + v3 = 0, with vo,v3 as free variables,
and v; = —2vy — v3 basic. The solutions can be written as span(wi, ws), since
V1 —2v9 — v3 -9 -1
v=|uv | = v =wvo | 1 | +v3| O | =vowy +v3wo
V3 V3 0 1

It is clear that wy is not an eigenvector for A, since Aw; = (1 0 —l)T % \wj for any A.
(b) Clearly, A\ = —1 is an eigenvalue since det(A + I) = 0. We find the other eigenvalues by
A+ A2+ A3 =tr(A) = —1 and A\; A3 = det(A) = 1, which gives Ao + A3 = 0 and XAz = —1,

or Ay = —1 and A3 = 1. Alternatively, the characteristic equation is
-2 1 0
0 =X 1 =0

1 1 —-1-A

This gives —A(=A(=1—X)—1)—1(=1) = A2(=A—=1)+A+1 = (A+1)(=A2+1) = 0 by cofactor
expansion along the first row, or (1 4+ A)(1 —A)(1+ X) = 0. The eigenvalues are A\ = Ap = —1
and A3 = 1. We have that E_; = span(w) by a direct computation: Using the matrix A + I

above, we obtain that vo + v3 = 0, or v9 = —w3, and v; + v = 0, or v1 = —vy = vs, with v3
free, and
V1 (OR} 1
v=|[v|=|-vs]| =v3|—-1] =vsw
V3 V3 1
with w = wy — wy. Since E_; has dimension 1, when A = —1 has multiplicity 2, A is not
diagonalizable.

(c) An eigenvector v satisfies (A — AI)v = 0, and is therefore a generalized eigenvector with
n = 1. We see that there is an eigenvector w3 such that E; = span(ws), since A = 1 has
multiplicity 1. Since eigenvectors are generalized eigenvectors, the set {wy, wa, w3} is a set of
three generalized eigenvectors for A. Explicitly, we may chose

1 —2 —1 1
wi=[1] = |1 0 1l=2+2=4+#0
1 0 1 1

and the non-zero determinant proves that {wi, wa, w3} are linearly independent generalized
eigenvectors for A.

QUESTION 2.

(a) The set D is convex since it is the half-plane = > 0, with a straight line as the boundary.
Explicitly, if two points P, @ in D, such that xp,2qg > 0, then all points in the line segment
[P, Q] satisfy x > 0 as well. To check if f is concave, we compute

1 1 _
/ -1/2, Y "o -3/2, _ Y
- =7 = = —— = —
R W w =Ty YT gz
This means that the first principal minor Dy = f of H(f) can take both positive and negative

values on D. For example, D;(1,1) = —1/4 and D;(1,—1) = 1/4. Therefore, f is not concave.
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(b)
()

The set f(D) = R since f(1,a) = a and (1,a) € D for any real number a. This is not a
compact set, since it is not bounded.
We have that the set U(a) is given by the inequality /= -y > a, and this can be written as
y > a/y/x when x # 0. The function f(x) = a/+/x has derivatives

—a " 3a

!
f_Zx\/E f_2x2\/§>0

If a > 0, then z > 0, and f is convex. This implies that Ug(a) is a convex set. If a < 0,
then Uy (a) is the union of the y-axis, and the set of points over the graph of f when x > 0.
In this case, Uy(a) is not a convex set. For example, P = (2,0) and @ = (0,2a — 2) are in
Ut¢(a) when a < 0, but the midpoint (1,a — 1) on the line segment [P, Q] is not in U (a) since
V1 (a—1) < a. We conclude that Us(a) is a convex set if and only if a > 0.

Let E be the set of points satisfying the constraint 22 + 3? < 2z. This is a compact set since
x? — 2z 4 y? < 0 gives

P22 +1+P <1 = (@12 +2<1

which is a circle with center (1,0) of radius 1, and the points inside that circle. Hence f attains
a max and a min on E. Since (z,y) € F if and only if (z, —y) € E, and f(z, —y) = —f(x,y),
it follows that the values attained are in the interval [—M, M] for some number M. Moreover,
M is attained for y > 0, and —M for y < 0. To find M, we consider the max problem, after
using ¢(x) = 22 on the objective function f, to simplify the computations (which we can do,
since ¢ is monotonously increasing when y > 0). We obtain the problem

max zy® when 22 + % — 22 < 0

This is a Kuhn-Tucker problem in standard form. We write £ = 2%y — A(2? + y? — 2z), and
obtain the first order conditions

L=y M2z -2)=0, L,=2zy—A2y)=0

together with the constraint 22 +y? —2x < 0 and the complementary slackness condition A > 0
and A(22 + y? — 22) = 0. When A\ = 0, we get y = 0 and 0 < x < 2, which gives a condidate
point with zy? = 0. When A > 0, weget y = Oor x = ), and y = 0 gives A = 0, a contradiction.
Therefore, z = A, which gives y? = 2(2x — 2) = 222 — 22 and 2% + (222 — 22) — 22 = 0, or
322 — 42 = 0. This gives x = 0 or x = 4/3, and = = 0 gives A\ = 0, a contradiction. Therefore,
r=4/3,y=+./8/9=+22/3, and A = x = 4/3. At these candidate points, we have that
xy? = 32/27. This solves the maximum problem (there are no points in E where NDCQ fails,
since E is bounded by a circle), and therefore we have that M = /32/27 = 41/6/9. It means
that the original minimum problem has minimum value —M = —4/6 /9, and the minimizer is

(z,y) = (4/3,-2v2/3).

QUESTION 3.

Let us write A = (vi|va]...|vy). Since x € A,,_1, we have that x; > 0 and 1 + -+ z, = 1.
We consider the vector

y=A-x=x1vi+ -+ a2,V
and must show that y € A,_;. Since a;; > 0 and z; > 0, it follows that each component
y; of y = A - x is non-negative, or y; > 0. Moreover, since each v; has column sum 1, and
x1+ -+ x, =1, it follows that y = Ax has column sum y; + - - - 4+ v, = 1. This means that
y € A,_1, and the map is well-defined.
It is clear that A, _1 is compact: It is clearly closed, since it is given by equations and closed
inequalities, and it is bounded since 0 < z; < 1 for all i. It is non-empty as well, since
(1,0,0,...,0) € A,—1. We need to show that it is convex to apply Brouwer’s result: When
X,y € A,_1, we have that all points on the line segment [x,y] are given by

z=Xx+(1-ANyeA,;

with 0 < A < 1, and all point of this form is in A, _; since z; = Az; + (1 — \)y; > 0 and
214+ +2z, =A-14(1—=X)-1=1. This shows that A,,_; is convex, and it follows by
Brouwer’s fixed point theorem that A : A, 1 — A, _1 has a fixed point.

2



(c) A fixed point is an eigenvector with A = 1, so we compute E; for the given matrix. This gives
the echelon form

-1 0.6 0.5 -1 06 05 -1 06 05
A-I=1[(07 -06 05)—=| 0 —-018 08| —=| 0 —0.18 0.85
03 0 -1 0 018 0.85 0 0 0

Hence z3 is free, —0.18z5 + 0.85z3 = 0, or x9 = 85x3/18, and —x1 + 0.6x2 + 0.523 = 0, or
x1 = 0.6(8523/18) + 0.5x3 = 10z3/3. The eigenvectors in E; that are also in Ay must satisfy

P I = 10+85le 60 + 85+ 18 163 )
1+ T2+ x3 = — 4+ = r3= ————— T3 = —— T3 =
b 3 18 ’ 18 AT R
This gives 3 = 18/163, and the fixed point is therefore given by

( ) 60 85 18
1,9, = —_— Y, ——, T
152,53 163’ 163’ 163
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