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QUESTION 1.
We consider the matrix A given by
t 11
A=t 2 1
4 t 2

(a) Compute the determinant and rank of A.
(b) Compute all eigenvalues of A when ¢t = —2. Is A diagonalizable when t = —2?

QUESTION 2.

We consider the function f with parameter h, given by f(z,y, z;h) = 12—z*—ha?—3y> +612—622+h2.
The function f is defined for all points (z,y, z) € R3.

(a) Compute the Hessian matrix of f, and show that f is concave if and only if h > H for a
constant H. What is the value of H?

(b) Find the global maximum point (z*(h), y*(h), 2*(h)) of f when h > H.

(c) Will the global maximum value f*(h) increase or decrease when the value of the parameter h
increases? We assume that the initial value of h satisfies h > H.

QUESTION 3.

Find the general solution of the following differential equations:

(a) y" — 5y’ + 6y = 10e™*
(b) 4te’y — (1 — 2t)e?y’ =0 (when t > 1/2)



QUESTION 4.

We consider a model for housing prices, where p; is the price after ¢ years. The model is given by the
difference equation
Pt+2 — 2pe41 +pe = —15, po =695, pr =743

(a) Solve the difference equation.

(b) We define dy = ps+1 — p: to be the change in housing prices. Show that d;+1 — d; is constant,
and use this to determine when housing prices will increase and when housing prices will
decrease.

QUESTION 5.

We consider the following optimization problem:
z+y=>4
max In(z%y) — z — y subject to { z > 1
y=>1

Sketch the set of admissible points, and solve the optimization problem.
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QUESTION 1.

(a) We compute the determinant of A using cofactor expansion along the first column, and find

that
t 11
det(A)=|¢t 2 1|=td—t)—t2—t)+4-(-1)=2t—4
4 ¢t 2
Since det(A) # 0 for ¢ # 2, and the minor |3 1| = —1 of order two is non-zero, we have that

—— = A\
rk(A):{s’ t£2 < “wnce. \AL %O -

2, t=2 <— <iwe \A\=g o~d \ 2.1 \*O
(b) When t = —2, the characteristic equation of A is given by

Cofactor expansion along the first column gives

(—=2-N(2-N?+2) - (-2)2-2+2)+4(1-(2- A)=0 \nce @tk ‘%Mi
= QXCE_? N s
and we find thag/this reduces to / / .~ Concels
(=2-2)2-N2+2(-2— N +24-X)+4A-1) = (- 2- A2-XN%=0
The eigenvalues are therefore A = —2 and A=2 wl;(_ere the last eigenvalue has multiplicity

two. When X\ = 2, the eigenvectors are given by (A 2I)x = 0, and the matrix

-4 1 1
A=2I=]-2 0 1
4 -2 0

{Pr— 2r|.- O has rank two since A — 21 has a non-zero minor |} }| =1 of order two — it cannot have rank

Siace 2 s three since A = 2 is an eigenvalue. Therefore, the linear system has just one free variable while

. ¢ A = 2 is an eigenvalue of multiplicity two. So A is not diagonalizable when ¢t = —2.
Cogprvalue [
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U\ 20

L0 Q\»;: M\((%We compute the partial derivatives and the Hessian matrix of f:

D ol a f —4x% — 2hx + 62 —1222 —2h O
.b‘:_ -— L] ( X | {l = —6y , f” — 0 —6 0
- (0(2%’%) 7! 6z — 122 6 0 —12
. /\ We see that the leading principal minors are given by D; = —1222 — 2h, ) = —6D; and
Consled | D3 = —6(144x2 + 24h — 36). Hence D < 0 for all (z,y, z) if and only if k > 0, and if this is

the case then Dy = —6D; > 0. Moreover, D3 < 0 for all (z,y, 2) if and only if h > 3/2. This
means that D; <0, Dy > 0, D3 < 0 if and only if h > 3/2, and the equalities are strict if
h > 3/2. If h = 3/2, then D3 = 0, and we compute the remaining pringipal minors. We find
that Ay = —6,—12 < 0 and that Ay = 14422, 72 > 0. We conclude that f iswg\_

£6 wia

G
Lor alk (k2

. _ - e
JL only if h > 8/2, and H N 3/2'. - - . _ Since D=0 Goc <=0 7
(b) We compute the stationary points;-which are given by the equations )
Dy<o D h=o
B s —42® — 2Rz +62=0, —6y=0, 6x—12z=0

—43% —2hx + 3z =2(—422 +3-2h) =0 & =0 WO st Chede A(

D=0 &3( XTO,
e all X1yt . . . \ : n=\<
The last two equations give y = 0 and z = /2, and the first equations bec&v

N

since z2 = (3 — 2h)/4 has no solutions when A > 3/2 and the solution z = 0 when h = 3/2.
The stationary points are therefore given by (z*(h),y*(h), z*(h)) = (0,0,0) when h > 3/2,
and this is the global maximum since f is concave.

(c) Let h > 3/2. By the Envelope Theorem, we have that Since. Nzl S
if*(h) _9f = (—a? +2h)| =2h >{
dh "~ Ohl(@yn)=(000) (mx)=(00,0) — “* =

also compute f*(h) = £(0,0,0) = 12+ h? explicitly fox A > 3/2, and use this to see that f*(h)

Since the derivative is positive, thmmaxlma.l value will increase when h increases. We could
increases when h increases.

’h/\v\‘: ‘\‘5 Jn'\;“ “\b '%S‘-
DAL X -{ur hzl.$ w
QUESTION 3.

(a) The homogeneous equation y” — 5y 4 6y = 0 has characteristic equation r? — 5r +6 = 0, and
therefore roots 7 = 2,3. Hence the homogeneous solution is y,(t) = C1e® + Cze3. To find
a particular solution of " — 5y + 6y = 10e™?, we try y = Ae~?. This gives y/ = —Ae~t and
y’ = Ae~t, and substitution in the equation gives (A + 54 + 6A)e™t = 10e~¢, or 124 = 10.
Hence A = 5/6 is a solution, and y,(t) = %e‘t is a particular solution. This gives general
solution

5
y(t) = C1e®* + Cge3t + Ee_t

(b) The differential equation 4te?’y — (1 — 2t)e?®y’ = 0 is exact if and only if there is a function
h(t,y) such that
oh _ ., ok .
SLgP 12t
We see that h(t,y) = —(1 — 2t)e?!y is a solution to the last equation, and differentiation shows
that it is a solution to the first equation as well. Therefore the solution of the exact differential
equation is given by

Ce—2t
2t -1

hty)=—(1-2)e¥y=C = y= (when t > 1/2)

2
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