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Chapter 1
Basic Notions

1.1 Sets

A set S is a well-specified collection of elements. We write x € S when x is an
element of S, and x ¢ S otherwise. The empty set is the set with no elements, and it
is denoted 0. We say that T is a subset of S, and write 7' C S, if any element of T is
also an element of S.

We may specify a set by listing its elements, either completely (for finite sets) or
by indicating a pattern (for countable sets). Typical examples of sets specified by a
list of elements are S = {1,2,3,4,5,6}, T ={1,2,3,...,100} and N= {1,2,3,... }.
Another usual way to specify a set is to use a property, such as

S ={x:xisdivisible by 3}, T ={(x,y):x*+y* <1}

The set S is the set of all numbers x such that x is divisible by 3, and the set T is the
set of points (x,y) such that x% +y? < 1. We use the following standard notation for
some important sets:

1. N={1,2,3,...} is the set of natural numbers.

2. Z=A{...,—2,—1,0,1,2,...} is the set of integers.
3.Q= {% : p,q € Z,q # 0} is the set of rational numbers.
4. R ={x:xis areal number } is the set of real numbers.

The rational numbers have a decimal representation that is either finite, or eventually
periodic. Numbers with decimal representations that are not eventually periodic are
called irrational, and the real numbers are the number that are either rational or
irrational. (For a more precise definition, see Appendix B in [2])).

Given sets S, 7T, we define their union SU T, their intersection SNT and their
difference S\ T in the following way:

1. SUT={x:xeSorxeT}
2.5NT={x:xeSandxeT}
3. S\T={x:xeSandx¢T}
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When S is a subset of a given set U, then the difference U \ S is called the comple-
ment of S (in U), and is often written S° = U \ S. The Cartesian product of the sets
S, T is written S x T, and is defined to be

SXxT={(s,t):s€S,t€T}

We often use the notation R? = R x R = {(x,y) : x,y € R}, and more genererally
RP=RXRx- - xR={(x1,%2,...,%) : X1,X2,...,%, € R}.

1.2 Logic

Let P and Q be statements, which could either be true or false. We say that P implies
0, and write P = (Q, if the following condition holds: Whenever statement P is
true, statement Q is also true. We write P < (, and say that P and Q are equivalent,
ifP— Qand Q = P.
Let us consider an implication P =—> Q. It is logically the same as the implica-
tion
not Q = not P

The second form of the implication is called the contrapositive form. For instance,
a function f is called injective if the following condition holds:

f)=f@) = x=y

This implication can be replaced with its contrapositive form, which is the implica-
tion

x#y = f(x)# f(y)

Mathematical arguments and proofs are sometimes easier to understand when im-
plications are replaced with their contrapositive forms.

1.3 Numbers

Let D C R be a set of (real) numbers. We say that M is an upper bound for D if
x < M for all x € D, and that s is a least upper bound or supremum for D if the
following conditions hold:

1. s is an upper bound for D.
2. If ' is another upper bound for D, then 5" > s.

We write s = sup D when s is a supremum for D. It is a very useful fact about the real
numbers that any subset D C R with an upper bound has a supremum. If D does not
have an upper bound, we write supD = co. Similar results holds for lower bounds,
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and the greatest lowest bound is called infinum and written inf D. For example, when
D={1/n:neN}={1,1/2,1/3,...} CR, then supD = 1 and infD = 0.
References

Appendix A.1-A.2 in Sydsater et al [3]; Appendix Al in Simon, Blume [1]; Ap-
pendix A in Sundaram [2].






Chapter 2
Euclidean Spaces

For any positive integer n > 1, the set R” = {(x1,x2,...,%,) : X1,%2,...,%, € R} is
called the n-dimensional Euclidean space. An element X = (x1,x2,...,%,) € R" is
called a point or a vector.

2.1 Euclidean space as a vector space

For any vectors x,y € R" and any scalar (number) r € R, we define the vector addi-
tion x +y and the scalar multiplication r X in R" by

X+y=@xX1+yL,x4+y2,. s Xn+yn), rxX=(rx1,rx2,...,rx,)

The zero vector in Euclidean space is 0 = (0,0, ...,0), and the additive inverse of a
vector X € R" is the vector

—X = (—=X],—X2,...,—Xp)

The following conditions holds in Euclidean space: For all vectors x,y,z € R” and
for all numbers r,s € R, we have that

X+y=y+x
X+(y+z) = (x+y)+z
x+0=x

X+ (—x)=0
(rs)x = r(sx)
r(x+y)=rx+ry
(r+s)x=rx+sx

- x=x

PNAN R L=

The definition of a vector space is a set V (whose elements are called vectors),
together with well-defined operations of vector addition and scalar multiplication
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in V, such that the conditions above hold. This means that in particular, Euclidean
space R" is a vector space.

There are also other vector spaces than Euclidean space R". For instance, the set
of all continuous functions defined on the interval I = [0, 1] is a vector space. If f, g
are continuous functions defined on I and r € R is a scalar, we define the functions
f+gandrf by

(f+8)x) = f(x)+8(x), (rf)x) =rf(x)

for all x € I. These operations are well-defined, and satisfy the conditions above.
Therefore, the space C(I,IR) of continuous functions on the interval [ is a vector
space.

2.2 Inner products

The Euclidean inner product (x,y) of the vectors x,y € R" is defined by

(X,¥) = x1y1 + X252+ 4+ XnYn

It is also called the dot product or scalar product, and we often write x - y for (x,y).
Notice that the result of the inner product is a scalar (a number). The Euclidean
inner product satisfy the following conditions:

. x-y=y-X
2. (ax+by)-z=ax-z+by-z
3. x-x>0,andx-x=0ifand only if x =0

In a general vector space, an inner product is a product which satisfy the above
conditions.

Theorem 2.1 (Cauchy-Schwartz inequality). For any x,y € R", we have that

x-y| < (x-x)3(y-y)'/?

2.3 Norms

The Euclidean norm of a vector x € R" is defined by
IX[| = (o 3+ ) 2 = (x-x) /2
Notice that the norm of a vector is a (non-negative) scalar. If n = 1, then the norm

|[x|| = |x|, and if n = 2, then the norm ||x|| = (x? +x3)'/? is given by Pytagoras’
Theorem. The Euclidean norm satisfies the following conditions:
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1. ||x]| >0, and ||x|| =0 if and only if x =0
2. x|l = |r] [Ix]|
3o x4yl < lxl+ Iyl

The last inequality is called the triangle inequality. In a general vector space, a norm
is a function that satisfies the above conditions.

2.4 Metrics

The Euclidean distance between the vectors x,y € R” is given by

d(x.y) = I =yl = /01—y + (2 = 32) -+ (0 — 30)?

The distance function d(x,y) is also called a metric. The Euclidean metric satsify
the following conditions:

1. d(x,y) >0,and d(x,y) =0if and only if x =y
2. d(x,y) = d(y,x)
3. d(x,z) <d(x,y) +d(y,z)

The last inequality is called the triangle inequality. In general, a metric is a function
that satisfy the conditions above, and a metric space (X,d) is a set X equipped with
a metric d. In particular, Euclidean space is a metric space.

2.5 Sequences

Let X be a metric space with metric d. A sequence in X is a collection of points
x; € X indexed by the positive integers i € N = {1,2,3,...}. We usually write
X1,X2,X3, ... for such a sequence, or (x;) in more compact notation.

In many applications, X = R" is Euclidean space with the Euclidean metric d.
But we will also consider sequences in other metric spaces.

Let (x;) be a sequence in X. We say that (x;) converges to a limit x € X, and write
x; — x or limx; = x, if the distance d(x;,x) between x and x; tends to zero as i goes
towards infinity. We may express this more precisely in the following definition:

Definition 2.1. The sequence (x;) has limit x if the following condition holds: For
every € > 0, there is a positive integer N such that d(x;,x) < € when i > N.

As an example, let us consider the sequence given by x; = 1/i. This is a sequence
in R, the 1-dimensional Euclidean space, explicitly given by
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Then (x;) has limit x = 0, since x; = 1/i tends towards zero when i goes towards
infinity. Indeed, if € > 0 is given, we have that d(x;,x) = |1/i —0| = 1/i < € for
i > N when we choose N > 1/¢.

We say that the sequence (x;) is bounded if there is a positive number M € R and
apoint p € X such that d(x;, p) < M for all i. The set {x : d(x, p) < M} is called the
open ball around p with radius M, and is written B(p,M).

Proposition 2.1. Ler (x;) be a sequence in X. Then we have:

1. If (x;) converges to x and to X', then x = X'.

2. If (x;) converges, then it is bounded.

3. If (x;) converges, then the Cauchy criterion holds: For any € > 0, there is a posi-
tive integer N such that d(x,x;) < € when k,I1 > N.

It is easier to check the Cauchy criterion than to find the limit of a sequence. A
sequence that satisfies the Cauchy criterion is called a Cauchy sequence.

Theorem 2.2. Let X = R" be Euclidean space, with the Euclidean metric. If a se-
quence (x;) in X is a Cauchy sequence, then it converges to a limit x € X.

Notice that this theorem holds for Euclidean space X = R", but not for all metric
spaces. We say that a metric space if complete if every Cauchy sequence converges.

Let (x;) be a sequence in X. A subsequence of (x;) is a sequence obtained by
picking an infinite number of elements from (x;). More precisely, it is a sequence

Xj1sXjpsXjzyeoeyXjpsers

defined by an infinite sequence of indices j; < j» < j3 <+ < ji < ... in N.If (x;)
converges to x, then any subsequence also converges to x. However, the opposite
implication does not hold. For instance, the alternating sequence 1,—1,1,—1,...
has converging subsequences, but it is not convergent.

2.6 Topology

Let (X,d) be a topological space. Usually X = R” is Euclidean space with the Eu-
clidean metric, but we will also consider other metric spaces.

A subset D C X is called open if the following condition holds: For any point
p € D, there is an open ball B(p,M) around p that is contained in D. This means
that if p € D, then any point sufficiently close to p is also in D. Typical examples of
open sets are open intervals (a,b) = {x € R:a < x < b} in R, and more generally,
open balls B(p, M) in a metric space X.

Let D C X be a subset. A point p € D is called a boundary point for D if any
open ball B(p,M) contains points in D and in D; that is, if B(p,M)ND = @ and
B(p,M)N D # @ for all M > 0. The set of boundary points of D is written dD.
A point p € D that is not a boundary point is called an interior point. We write
D° = D\ dD for the interior points of D.
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A subset D C X is called closed if the complement D¢ = X \ D is open. Typical
examples of closed sets are closed intervals [a,b] = {x e R:a <x < b} in R, and
more generally, closed balls B(p,M) = {x € X : d(x,p) < M}.

Proposition 2.2. Let D C X be a subset of a metric space X. Then we have:

1. D is open if and only if oDND = 0
2. D is closed if and only if 9D C D

A subset D C X is bounded if there is a point p € D and a radius M > 0 such that
D C B(p,M), and it is compact if the following condition holds: Any sequence (x;)
in D has a subsequence that converges to a limit x € D. It follows that a compact
subset in X is closed and bounded.

Theorem 2.3 (Bolzano-Weierstrass). Let (X,d) be the Euclidean space X = R"
with the Euclidean metric. Then a subset D C X is compact if and only if D is closed
and bounded.

References

Appendix A.3 and Chapter 13.1 - 13.2 in Sydsater et al [3]]; Chapter 10, 12, 29 in
Simon, Blume [1]]; Chapter 1.1 - 1.2 and Appendix C in Sundaram [2].
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