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QUESTION 1.

We consider the system of linear differential equations given by

T="Tr+4y+1
y=4dr+y—2

(a) Find the steady state (7, 7).
(b) Rewrite the systen in the form z’ = Az and use this to solve the system.
(c) Find all initial states (xo,yo) such that (x,y) — (Z,7) when t — oo.

QUESTION 2.

We consider the function f(x,y, z, w) = 22 + y? + 2% + w? + 2w — yz defined on R*.

(a) If f convex? Is it concave?
(b) Find the global maximum and minimum values of f, if they exist.

QUESTION 3.

For positive constants a,b,T > 0, we consider the optimal control problem

z(0) =1
x(T) = %eaT/b
¥ =u

uelU

T
max/ In(az — bu) dt  subject to
0

with control region U = R.

(a) Show that the function (z,u) — In(az — bu) is concave.
(b) Solve the optimal control problem.



QUESTION 4.

We consider the functions f,(x) = 2™/n for n = 1,2,3,... in the function space V = C(|0, 1]) of
continuous functions on the unit interval [0, 1]. We equip V' with the sup norm

Al = sup [f(z)]

z€[0,1]

and the corresponding metric d(f,g) = ||f — g|| for f,g € V.

(a) Compute [[f1]], || /2| and d(f1, f2).
(b) Compute d(fpn, frik)-
(c) Is (fn) a Cauchy sequence in V? Find the limit of the sequence, if it exists.
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