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Question 1.
We compute the inner product, given by the integral

g 1 o] 1
g=[ tdt=|—¢° -
U /0 [a—i—b—i—l L a+b+1

Question 2.
a) We have that f; = 2x ++/122, f, = 4y, and f. = 62 + V12, and the stationary points of f
are given by the first order conditions
204+ v122=0, 4y=0, 6z24+V12x=0

This gives £ = —/32, y = 0, and that z is free, and (z,y,2) = (—v/3t,0,t) for t € R are
therefore the stationary points of f. The Hessian matrix of f is given by

2 0 V12
Hfy=1 0 4 0
V12 0 6

and we compute its principal minors:

A1:2, 4,6 >0,

Ay: 8, 0,24 >0,

As: 0
This means that f is convex, and the stationary points (z,y,2) = (—v/3t,0,t) for t € R are
minimum points of f, with f(—+/3¢,0,t) = 0 for all ¢.

b) The Lagrangian is £ = 2% — y? — 23 — A\(2% + ¢?), and the Kuhn-Tucker conditions for (z*,y*)
are:

L=2r 32 — 22z =2(2—-3x—2)\) =0

L, =—2y—2 y=—-2y(1+X)=0

C:z22+42<1

CSC:A>0and \- (2?2 +¢y>—1)=0

Suppose first that A = 0. Then the system is

x(2-32)=0, —2y=0, 224+32<1
and the candidate points are (0,0) and (2/3,0) with A = 0. Next, suppose that A > 0. Then
the system is

£(2-3x—-20) =0, —2y(1+N) =0, 22+9°=1

Then y = 0 by the middle equation, x = 1 by the last equation, and A =1 —3z/2 =1 F 3/2.
With z = 1, we find A < 0, s0o x = —1, y = 0 and A = 5/2 gives the only candidate point
(—=1,0). Computing the values of f for the candidate points give:

f(0,0) =0,
£(2/3,0) = (2/3)% — (2/3)3 =4/27 < 1
f(=1,0)=2

Since the set of points satisfying the constraint 2 + 2 < 1 is compact, the maximal value of
f(x,y) on 22 +y? < 118 foax = 2 at (z%,y*) = (=1,0) with A = 5/2.



Question 3.
a) The steady state solves

7 0 2 0 1 x 2
vyl =10 & 0 -1 0)-{y|=1]5
z 0 0 2 1 z 4
Performing Gauss—Jordan elimination on the augmented coefficient matrix, we get
2 0 1|2 2 0 1] 2 2 0 0] -—12 1 0 0]—6
0 -1 0{5]~|0 1 0] -5]~|01O0|-5]~(01O0]-5
0 2 14 0 0 1|14 0 0 1| 14 0 0 1|14

so the steady state is (z,9,2) = (—6,—5,14).
b) With w = (z + 6,y + 5,z — 14) we get

& 2 0 1 x 2 2 0 1
w=|y|l=10 -1 0]-|ly]—-|5|=(0 -1 0] w=A4-w
Z 0o 2 1 z 4 0o 2 1
This means that the matrix A is given by
2 0 1
A=|0 -1 0
0 2 1
To find the eigenvalues of A, we solve the characteristic equation
2—A 0 1
det(A—XI)=| 0 —1-A 0 [=2-N)(-1-XM)1-XN)=0
0 2 1—A

so the eigenvalues are A\; = 2, A\ = —1, and A3 = 1. The base {v;} of the eigenspace of A for
the eigenvalue A = ); is found by solving the linear system (A — A\I)v = 0. We find

0 0 110 0 0 110 1
Eyx: 10 -3 0]0]~10 1 0|0]),s0v1=10
0 2 -1]0 0 0 010 0
301]0 10 4]0 -1 1
Ey: {00 0/0]~(|0 1 1]0],s0v2=(=3)-|-1|=13
0 2 2|0 00 00 1 -3
1 0 170 10 1]0 -1
Ex,: {0 =2 0|0]~10 1 0{0] sovz=| 0
0 2 010 0 0 00 1

¢) The general solution can be found using the above eigenvalues and eigenvectors for A and
substituting for w:

1 1 1 z(t) = Cre? 4+ Coe™t — Cze! — 6
w=C [0 +Co| 3 et +C3| 0|t = ylt) =3Cet-5
0 -3 1 2(t) = —3Coe ! + Czel + 14

The initial conditions give the system
x(O)ch—i-Cg—Cg—G:—l, y(t):3C'2—5:10, Z(t):—302+03+14=—1

The middle equation gives Cy = 5, and adding the first and last equation gives C1 —2C2+8 = —2,
so C'1 = 0. When we substitute this into the first equation, we get C'5 = 0. Hence we get

x S5e t —6 x(t) —6
y| =1 15et-5 = lim |y(t) ]| =|-b
z —15e~" 4 14 oo\ 2(t) 14

since et — 0 when t — 0.



Question 4.
By definition, a function f is convex on S if f(Ax + (1 — N)y) < Af(x) + (1 — A) f(y) for A in [0, 1]
and x,y in S. We assume that fi,..., f;, have this property, and check it for F' = a1 f1 + - 4+ am fim:

Fa + (1 — Zazfz Az + (1 —N)y) < Zaz \fi(z - N fi(y)]

=1
= A aifi(x)+(1—)) Zaifi(y) =AF(z) + (1 - AN)F(y)
i=1 i=1
We conclude that fi,..., fi, convex and a1, ...,a, > 0 implies that F' is convex.

Question 5.
Since 5 — u is decreasing on U, we have that u5 = 0 and

J3(x) = max(5 — u)z? = 522

Using that J3(z3) = 5(u2w2)?, we have that
Jo(z) = max { (5 — u)z? + 5(uz)?} = max(5 — u + 5u?)z”
u u

Since ha(u) = 5 — u + 5u? is convex on U, with minimum for u = 1/10, and hy(0) = 5 and ha(1) = 9,
the maximum value is attained for uj = 1, hence Jy(x) = 922. Using that Ja(z2) = 9(u121)?, we have
that
Ji(z) = max {(5 — u)z® + 9(um)2} = max(5 — u + 9u?)z?
Since hi(u) = 5—u+9u? is convex on U, with minimum for u = 1/18, and h1(0) = 5 and hy(1) = 13,
the maximum value is attained for u} = 1, hence Ji(z) = 1322. Using that Ji(z1) = 13(upz0)?, we
have that
Jo(z) = max {(5 — u)z? + 13(ux)2} = max(5 — u + 13u?)z?

Since ho(u) = 5—u+13u? is convex on U, with minimum for u = 1/26, and ho(0) = 5 and ho(1) = 17,
the maximum value is attained for u§ = 1, hence Jo(z) = 1722 and the optimal value is Jo(zo) = 1723.

Question 6.

a) The Lagrangian is £ = (p1 — 21)? + (p2 — 22)? — A (a121 + azx2), and we have the following
Lagrange conditions:
L =-2(p1 —21) —a1A=0
E/ —2(p2 —x2) —agA =0
C:a1x1 +asxe =0
Using the first two conditions, we get 1 = p1 + Aa1/2 and x3 = pa + Aag/2. When we put this
into the constraint, we get

1 1 A
ai(p1 + §>\a1) + az(p2 + 5)\&2) = aipr +azp2 + 5 (ai +a3) =0

and we can solve this equation for A since a$ + a3 > 0:

A= —a%j_a% (a1p1 + azp2)
Substituting A into the expressions for x1 and xo gives
gy = (@21 —apa) o (a2p1—aipa)
(af+a3) (af + a3)

To show that this candidate point is a minimum for f, we observe that f is a positive semi-
definite quadratic form and therefore a convex function, and that the constraint is linear. This
means that

h(z,y) = L(z,y; \")
is a convex function when A\* is the value of A at the candidate point. By the second order

condition, this means that the candidate point (z*,y*) found above is a minimum point.
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b) The function f is the square of the distance from the given point p to a point & = (z1,x2)
on the line a1z + asxe = 0. The point x* minimizes this function, hence it is the point in
the line that is closest to p. If the inner product of the two vectors is equal to zero, then they
are orthogonal. We compute the inner product of p — «* and x* directly, using the notation
c = (agp1 — a1p2) and d = (a2 + a3):

Voxt = (p1—as > N (& €
(p_w) xr —(pl a2d7p2+a1d> <a2d’ ald)
_ c 202 c 2c2
B I s S A
2 2 2
¢ 2 2 € c c
:(a2p1—a1p2)g—(a1+a2)ﬁ:7_3:()

This means that the vectors are orthogonal.



