School exam (3h) EBA11805 - Mathematics for Data Science
5 December 2025

SOLUTIONS
Problem 1

i) We calculate:
( x®+11x%2+40x +50): (x +5)=x%+6x+10

—x3 —5x?
6x2 + 40x
—6x2—30x
10x + 50
—10x —50
0

The remainder is 0.
ii) Because x2 + 6x + 10 = (x + 3)? + 1 does not have any zeros, the expression cannot be
factorised any further. Hence x® + 11x2 +40x + 50 = (x + 5)(x? + 6x + 10).

Problem 2

i) Read the geometric series backwards and get the first term a; = %, the multiplication

factor k = 1.03 and number of terms n = 25 — 1 = 24. Put into the formula for the sum of a
geometric series we get:
20000 1.03**—1
1.0325 0.03

ii) We have a regular cash flow with 20 000 payed every year, the first payment 2 years from now
and the last payment 25 years from now. The sum of the present value of the payments is the
present value of this cash flow if the interest is r = 3% (with the first payment to the left in the
sum). The present value can then be the loan amount one will obtain if one pays 20000 every
year as described.

=328845.48

Problem 3

i) FALSE. The differentiated function gives the slopes of the tangents of f (x). It seems that

’(3) ~ 0 while f’(8) ~ 0.4. Hence f'(3) < f'(8).

ii) FALSE. x = a is a stationary point if f’(a) = 0. In the interval there are two such points: x ~ 3
and x ~ 5.3.

iii) TRUE. x = a is an inflection point if f”/(x) changes sign at x = a. This happens where the

<

graph changes form from convex to concave or opposite. In the interval this happens for
Xx =~ 3.7 (from concave to convex) and for x ~ 6.8 (from convex to concave).

Problem 4

The standard form for a hyperbola function is f (x) = ¢ + -%;. Here x = b is a vertical asymptote,
so b =30, and y = c is a horizontal asymptote, so ¢ = 50. This gives f (x) = 50 + ;Z55. From

f(33) = 48 we get 50 + 33755 = 48 which gives a = —6. Hence f (x) = 50 — x_630.
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Problem 5

i) Add g(x) to each side and get the equivalent inequality f (x) > g(x). This happens where the
graph of f(x) is above g(x). This gives the (approximate) solutions 2 < x < 4.37 og x > 7.4.

ii) Here we make a sign diagram:
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Figure 1: Sign diagram

Hence the (approximate) solutions are x <2 and 2<x <4and5<x <7and x > 8.

Problem 6

i) Annual growth factor is 1.046. The growth factor for 12 years is 1.046'2. The deposit is the

present value 515%)4%?2 = 466347.63.

ii) Let r be the interest. Then (1 + r)® is the growth factor for 6 years. Hence we have the

equation ?9&%‘32 -(14 r)®=800000. This gives the equation (1 + r)® = 1.046'2, which

simplifies to 1+ r = 1.0462, so that r = 1.046% — 1 = 9.41%.

Problem 7

i) We have the standard equati (€ ) ) S R N = = db=
quation == + 3>~ =1 where (x¢, o) =(3,5),a=2and b = 4.
This gives
(x=37  (y=5P _
4 16

1

ii)

-1 o 1 2 3 4 5 6 7

Figure 2: Ellipse
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Problem 8

The function has to be decreasing since f’(x) < 0, convex for x < 15 because f”(x) > 0 and
concave for x > 15 because f”(x) < 0.
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Figure 3: The graph of f(x) — one of many possibilities

Problem 9
i) By the chain rule we have D’(p) = 150(—0.01 - 2p)e~%92P" Hence:

_D'(p)-p _ (=0.02p)150e*"""p _ 2
e(p) = Dp) TE00=001p? =—0.02p

ii) We get elastic demand when &(p) < —1, that is —0.02p? < —1, which simplifies to p? > 50.
Because the price is non-negative, we get p > v 50.

iii) Because 10 > +/50, the demand vil be price elastic for p = 10. That implies that the revenue
decreases if the price increases a little from 10.

Problem 10

We consider y as a function of x and differentiate each side of the equation w.r.t. x by applying the
chain rule on the left hand side and the product rule on the right hand side:

Y

e’y'=xy +y whichgives (e —x)y'=y and y = y
ey —x
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Problem 11
0.03x 50e%0%x 41 1
We see that e e 0 such that 355 5mr 5038 oo 2055 Thus

fX)——In (20125) = —1n(2025)

and y = —In(2025) is a horizontal asymptote for f (x).

50e%93¥ 41
120€0.03x+2025

0.03x

We divide the numerator and the denominator in the expression with e , and get

50+¢ 003
150120350003 - 1hus

f(x) == In (157%) =1n(5)—1n(12)

and y = In(5) —In(12) is a horizontal asymptote for f (x).

. 0.03x X
For f (x) to have a vertical asymptote, m = 0 must have an solution x = a, but the

numerator is greater than 1 for all x so this is not possible. Hence f (x) has no vertical asymptote.

Problem 12

We have P;(x) = f(0)+ f/(0)x + @xz + @xg . We therefore have to differentiate f (x) three
times. We use the product rule and the chain rule with u = x + 1 and get:

ex

f’(x)zexln(x+1)+x+1

The first term is f (x) and for the second term we use the fraction rule:

X X +1)— X X X
¢ clxtl)—e =e*In(x+1)+ ¢ + xe
+1 (x+1)2 x+1 (x+1)2

f(x)=e In(x+1)+
x

The first two terms is f’(x). By the fraction rule (and the product rule), differentiation of the last
term gives:

( xe* )’ _ (x +1)eX(x +1)%> —2x(x + 1)e* . ((x +1)>—2x)e* . (x%+1)e*
(x+1)2/) (x+1)4 B (x+1)3 T (x+1)3

Hence we get:
X

x 24 1)ex
7(x) = e* In(x + 1) + —— + —— (x
fr=einx+ D+ o+ e T T e

With x = 0 we get £(0) = e®In(0+1) =0, £'(0) = £ (0) + & = 1, £”(0) = £'(0) + 55 =1 and

£7(0) = £(0) + G = 2. Hence Py(x) = x + 1x? + 1%,




