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SOLUTIONS

Problem 1

a) We put v = x2 and get the quadratic equation v? —5v — 36 = 0 with solutions v =9, v = —4,
that is x? = 9, x2 = —4. Because x? > 0 we only get x = 3.

b) We put v = /x and get the same equation v?> —5v —36 = 0 as in (a). Hence we get 4/x =9
or +/x =—4. Because y/x = 0 we only get x = 81.

c) Weputv = % and again get the same equation v2 —5v —36 = 0 as in (a). Hence we get % =9

or % = —4, which gives x = %,

=_1
X =-3.

d) We isolate one of the roots
v2x—1=5—+vx—1
and square each side
2x—1=52—10vVx—1+(x—1)

Then we isolate the remaining root

x—25=—-10vx—1

and square each side
x2 —50x + 625 = 100(x — 1)
that is
x?—150x +725=0

which has solutions x = 5, x = 145. We test these solutions to see if they are solutions of the
original equation.

For x = 145 the left hand side +/2-145—1 + +/145—1 = 19 + 12 = 31 which is not equal to
the right hand side.

For x = 5 the left hand side +/2-5—1+ +/5—1 =3+ 2 =5 which also is the right hand side.
The conclusion is that x =5 is the only solution.

Problem 2

a) The inequality has 0 on the right hand side and a factorised fraction on the the left hand side.
Then we can use a sign diagram to solve the inequality:

-2 2 3
X
X=2 ——mmemm e e o
A¥) ——— -~ —~—7F
X=3 7T - T T T T T T r— -9
X-2 >
(x+2)(x-3)

Figure 1: Sign diagram in 2a
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which gives x < —2 or 2 < x < 3. Alternative way of writing: x € («, —2) U[2,3).

b) We rewrite to an equivalent inequality with O on the right hand side and one fraction on the left

hand side:
(x—2)+(x+2)(x—3) <

(x +2)(x—3) h

Then we resolve the paranteses, collect terms and factorise in the numerator:

(x—/8)(x + v/8) <

Gr2x—3 0
Now we can use a sign diagram:
~ 8 —2 Vg~ 3
>
XK= 8 mr—irs co i mm m e it — e i — X
X+J§ ———————- =
X+ 2 ——————=——F7————= >
X— 3 ~TTTTT T St Bttt Bl
ov@)(x+V8) D S

Figure 2: Sign diagram in 2b

which gives —v/8 < x < —2 or ¥/8 < x < 3. Alternative way of writing:

x €[—+/8, —2) U[+8,3).

Problem 3
We have
0.1x*—2.4x% +11.8x2 + 31.2x + 16.9 = 0.1(x* — 24x> + 118x2 + 312x + 169)
We insert x = —1 and get
(—1)*—24(=1)3+118(—=1)2+312(-1)+169=1+24+ 118 —312+ 169 =0
Hence (x + 1) is a factor. Use polynomial division to find

( x*—24x%+118x% +312x +169) : (x + 1) = x®> —25x% + 143x + 169

—x* =x3
—25x3 +118x2
25x3 +25x2
143x2 4+ 312x
—143x2% —143x
169x + 169
—169x — 169

0
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We insert x = 13 in x> — 25x2 + 143x + 169 and get
132 —25-132 4+ 14313+ 169 = 2197 — 4225 + 1859 + 169 = 0
Hence (x — 13) is a factor. Use polynomial division to find

( x®—25x2+143x +169): (x—13) =x*—12x—13
—x3 +13x2
—12x% +143x
12x2% —156x
—13x + 169
13x —169

0

We find that x2 — 12x — 13 has the zeros x = —1 and x = 13, which gives
x2—12x—13 = (x + 1)(x — 13). Then
0.1x*—2.4x% +11.8x2 +31.2x + 16.9 = 0.1(x + 1)*(x — 13)?.

Problem 4

a) If the principal is Ky, the balance 10 years from now will be K, - 1.021'° which is supposed to be
2 million. We therefore solve the equation K - 1.021° = 2 mill and get the present value
Ko =2-1.02171 mill = 1624697.73.

b) After 6 years the balance is 1624 697.73 - 1.021° = 1840462.73. Deposited 4 years in an
account with 2.7% interest gives 1840462.73 - 1.027* = 2047 428.77.

¢) We use the expressions instead of the intermediate values:

2047428.77 = 1840462.73 -1.027* = 1624 697.73 - 1.021° - 1.027%
=2 mill-1.02171°.1.021° - 1.027%
=2 mill-1.0217%-1.027%

4
= 2mill - (ﬂ)
1.021

d) If the principal is K, the balance after 10 years will be K, - 1.021° - 1.027% = K, - 1.260 191
which gives the equation K - 1.260191 = 3 mill and Ky =3 mill : 1.260191 = 2380592.32.

e) We use the expressions instead of the intermediate values in (c):

3 mill 3 mill
1189532.60 = =
1.260191 1.0274-1.0216
Problem 5

a) The future value 6 years from now is:

Kg=—20-1.1°-20-1.1°+30-1.1+45=10.36

b) The present value is:

Ko=—20—20-1.1"1430-1.17°4+45-1.17°=5.85
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) We have 5.85-1.1° = 10.36.
If Ais a payment n years from now the presnt value is A- (14 r)™" while the future value 6 years
from now is A- (1 4 r)®™". To get from the present value A- (1 + r)™" to the future value 6 years
from now we multiply with (1 + r)®. This number is hence the same whenever the payment
happens. When we multiply the sum of the present values of the many payments at different
times by (1 + r)® each of the present values will be multiplied by (1 + r)® (we ‘multiply into the
paranthesis’). This gives the sum of the future values of each of the payments which precisely is
the future value of the cash flow.

Problem 6
a) The period rate is 6% : 12 = 0.5% and it is 25 - 12 = 300 periods. First paymentis 5-12 = 60
periods from now. The geometric series is hence

15000 4 15000 I 15000 + 15000
1.005%0 ~ 1.00561 1.0053%8 ~ 1.0053>9

If we sum this geometric series ‘from the right’ such that a; = %, k =1.005 and n =300
we get
15000 1.005°%°—1

1.00535  0.005

b) The growth factor for one period is ¢®%%°. Apart from that it is as in (a). Hence we get the
geometric series of present values:

=1734620.76

15000 15000 15000 15000
2600005 | 5610005 T T ;3580005 | 53590005

We calculate the sum of this geometric series ‘from the right’ such that a; = 595, k = €%
and n = 300 and we get
15000 6300~0.005 _
53590005 G005 _]  1/20877.99
Problem 7
a) The cash flow of payments is as follow (n years):
Year || 15| 16 | 17 | | n+14
Payment || A | A-1.03 | A-1.03% | ... [ A-1.03"""
This gives the following sum of present values (with n = 25):
A A103 A 1.032 A 1.03*

1.0515 ~ 1.0516 1.0517 1.0539

If we read the series ‘backwards’ we get the geometric series with a; = A110%§§4, k= i 82 and

n = 25. The sum of the series is then given as

25
A-103% (G)*-1_  1.03% fhm —1.03% 11083 —1.03%
39 1.05 . 1.05-1.03 . 0.02
_ . 1.05*—1.03%
~ 7 1.05%9:0.02

4
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b)

a)

b)

a)

b)

The present value is given as 20 million so we get the equation

1.05%> —1.03%°

= 20000000
1.05%9.0.02

which gives

1.05%.0.02
A=20000000- ————————— =2074847.72
1.0525 —1.0325 —/————=

The sum of the present values continues the series in (a):

A +A-1.03+A-1.032+ +A-1.03"_1 N
1.0515 1.0516 1.0517 1.05n+14
This is an infinite geometric series with a; = 16‘? and k = % (which is less that 1). Then the
sum is (by a formula in the textbook)
1 A 1 A 1.05 A
a1 . -

1—k 10515 118 1055 002 1.0514-0.02
The present value is given as 20 million so we get the equation

A

—————— = 20000000
1.0514.0.02

which gives
A=20000000-1.05'-0.02 = 791972.64

Problem 8

From the graph we see that the symmetry-axis is x = 20 and the minimal value is y = 10. That
gives the standard form f (x) = a(x —20)? + 10. We also see that the point (25, 15) is on the
graph. This gives the equation a(25 —20)? + 10 = 15, that is a = 152_510 = 0.2. Hence

f(x)=0.2(x —20)?+10.
From the graph we see that the centre of the ellipse is (4, 3) with half-axes a = 10 —4 = 6 and
b = 6 —3 = 3. This give the standard equation

(=47 (=3 _
36 9

1

Problem 9

We se that the points A= (2,6), B=(6,10), C =(12,4) and D = (8,0) is on the graph. We see
that ABCD is a rectangle (the edges have slope £1). Then the intersection of the diagonals is
equidistant from each of the branches of the hyperbola. The intersection point has coordinates
(7,5). The horizontal and vertical asymptote cross each other in this point. Hence the vertical
asymptote is the line x = 7 and the horizontal asymptote the line y = 5. Then the expression for
the hyperbola is given by the standard form f (x) = 5 + ;%5. We know that f(8) = 0, that is

5

5+ 5= = 0 which gives a = —5. Hence f(x) = 5— 2.

When x becomes big positive or big negative, the number ﬁ approaches 0 (from above and

below, respectively). Hence 5 — €= approaches 5 (from below and from above, respectively).
Hence the line y =5 is the horizontal asymptote for f (x) which agrees with what we found
from the graph. We also have

5 5

o0 —0Q
(x—7) xo7+ 8 x=7) ot
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which gives
5

5—
(x—=7) x->7¢

—00 o0g S5—

e
(x=7) x-7-
Hence the line x = 7 is a vertical asymptote for f (x) which also agrees with what we found

from the graph. Since the function f (x) has a defined value for all x # 7 this is the only vertical
asymptote.

Problem 10
a) The expression is

3(x—(5—v3))(x—(5+v3)) =3(x*—10x + (5— V3)(5 + v3)) = 3(x* — 10x + 25— 3)
=3x%2 —30x + 66

b) Here we have a double root. The expression is

3(x—(—11))(x = (—11)) =3 (x + 11)*> = 3x2 + 66x + 363

Problem 11

Let x = t be the smallest root. Then x =t + 3 is the biggest root. There are two cases. Either ¢ is a
double root (case A) or t + 3 is a double root (case B).

Figure 3: Case A and Bwitht =5

In case A we get the third degree expression
(x—t)2(x—t—=3)=x3=3(t + 1)x2+3t(t +2)x — t2(t + 3)
In case B we get the third degree expression
(x—t)(x—t—32=x>=3(t+2)x%+3(t*> + 4t +3)x — t(t> + 6t +9)
We can write this as:

x2=3(t+1)x?+3t(t +2)x — t2(t +3) in case A
x3=3(t+2)x®+3(t2 + 4t +3)x — t(t?+ 6t +9) incaseB




