Lecture B ELE 3781 Mathematics elective

Plan

1 Complex vector spaces and Hermitian matrices

2 Non-negative matrices and Perron-Frobenius theory
3 Ranking models and Population growth models
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Untitled9

September 28, 2020

import numpy as mp
from numpy import linalg as LA \/

‘A = np.array([[0.75,0.02,0.1],[0.2,0.9,0.2], [0.05,0.08,0.711) 2

B = mnp.array([[0,0,6],[1/2,0,0],[0,1/3,011)

'LA.eig(R)

(array([1. , 0.7 , 0.65]),(“!."5' VWY N

-1.88144174e-01) -8.08122036e-01, -7.07106781e-01],
[-9.40720868e-01{ 5.05076272e-01, -1.59384710e-15],
[-2.82216261e-01) 3.03045763e-01, 7.07106781e-01]]))

e — S ﬁ/t e ,‘ﬂ.ﬁ,gtg,abc, T S I S

array([[0.28940219, 0.09010763, 0.17337312],
[0.55462 , 0.72269 , 0.55462 1,
{0.15597781, 0.18720238, 0.2720068711)

array([[0.16077148, 0.12365308, 0.14730873],
[0.64783498, 0.67608251, 0.64783498],
[0.19139354, 0.20026441, 0.20485628]])

[0.2 1)

LA.eig(B)

)]
£\
0
8

(array([-Q.5+0.8660254j, -0.5-0.8660254j, 1. +0.j 1. i1

array([[ 0.88465174+0.j , 0.88465174-0.j
-0.88465174+0. j 1,
[-0.22116293-0.38306544j, -0.22116293+0.383065447,
-0.44232587+0. j 1,

3
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[-0.07372098+0.12768848], -0.07372098—0.i2768848j,

LA.ﬁatrix_power(B,102)

array([[1., 0., 0.],
[0., 1., 0.1,
[0., 0., 1.11)

-0.14744196+0. 110
LA.matrix_power(B,S)
array([[0. , 2. , 0. 1,
[o. , 0. , 3. 1,
[0.16666667, 0 , 0. 1)
LA .matrix_power (B, 10)
array([[0. ; 0 5 B 1a
[0.5 , 0. , 0. 1,
[o. , 0.33333333, 0. 1D
%LA.matrix_powégéh,loo) o
=3
array([[O. , 0. , 6. 1,
[0.5 , 0. , 0. 1,
[0. , 0.33333333, 0. 1
-LA.matri;;power(B,iol)
array([[O. 5 2. , 0. 1,
[0. 5 Qs , 3. 1,
[0.16666667, O. , 0. 1D



Lecture B ELE 3781 Mathematics elective

CD N\OVL—’N.%@\-\-:& V‘A&v*‘rw-,.b' N Pesvon - ¥ ro\mauwe 6,\

Cmmm—

A=(.¢kg wxn "M*ﬂx. R M-. ‘i\ [N Y ’?Os'\xvvg_ A>’O '
\/-—&v‘ﬁ Y\—M \Q 0‘-\3>O<CO( Q.Ll;\‘

\nkes@retedcn Gagn [t 1 | ;

“cmx \\?.) g=-=2 V\ .
Ry L—r\y W e Fo Tee qragh ¥ Strngly
A =
: co.n.vu-dcuk W oRaase s &
bbb
ede ke o)
E - 0." O.\ O \"4\« %"‘"’ “‘3
/f—‘ p‘ = "9. . T G,B ?G °W V\C)LC-
G 0.2 o
trox

k mn—i‘%& W8

Cg @ D Ao \« W« redacialo W€ A
&- V "\'{ Sr G.ttb\ \'Si S&reﬁ\\ (_qu\,nl.ck /.
@ onde A DIuwwive ik
Sh-c_n:,\') cenntched | A‘M) o for o (G‘&A
~ rediieels WW wax\.

& ?(w;\\;rt@ e
ool on ey YAPA
Sudh Mt gou eend g
Ao o A N
nods in emaddy w sleps,

BI Norwegian Business School

Eivind Eriksen, Office B4-032
https://www.dr-eriksen.no/teaching/ELE3781/ BSc in Data Science for Business




| ecture B ELE 3781 Mathematics elective

ko \ Weedoely |, nek prualie
= - c}

F\\= \ o\

1= - A

R (2

MNole . Tor Aodou deaing , TEDWCC = grumbioe .

Ex. & = \‘?1%%) | @(2

S o MNO

\[ eI S wiv
?VG—V\;u\';‘L.

A=

Eivind Eriksen, Office B4-032 BI Norwegian Business School
https://www.dr-eriksen.no/teaching/ELE3781/ BSc in Data Science for Business



Lecture B ELE 3781 Mathematics elective

T (Pecron -Frelomius)

Lok A2 o  eedmedde webic. T

.‘) M_ r\_; o OLGM\AAQ‘ NS v daat Z‘H >0 SIS M&'

\9\\ < D Loe at o\\-&? (real ar Cou‘U.)g\ D\%\A\adw‘-ﬂ
o A

'\9 Twe & t@..;.\\:,.. Rprcder YA RO NUTAY S SUVP RV Y
P

{,'\\‘) N Mas wankdelala P 5 o By exyenckes VY 20
O*‘A S e F’b‘\:\.&_ V\"\U.x*\nw 0* _Y_-P\-
w aJ A\
.'Y) oM _aggavdns ok A win K\)‘\ Ll N i
¢ e ’>\"— = A Lor sen (V1 .
\ VS >°b~\¢-e- L3 P«umh“‘o)

Nele el A% B s ?""’%’“""
w>\l oMo

& S Q’\ * >
o\ i =\Mx o © 4
B R=0T0) e A=\o W% <
R e Prm v Wt o~
= - k= ek
ﬂ\—"\:O A=\ 2e=-1 { A=\ or A =R 3
e - - ()
1 An=\t VA L‘\h?\ o
Qsﬁ':(: A '=l E\\ k—\ \ — T 6 M~y
_ (\ — V) w=s - -l o 6
K=z Va= \X \,_&u,\_ .(‘\ Ko 4 =4
Y=y Y t -
vy 6
B G ALt ’*'(?/ T ee
-\\ - \zx/ _\— fy-t=0
9 6 T free
Vn\. - [?{
’___-ﬂ
Eivind Eriksen, Office B4-032 BI Norwegian Business School

https://www.dr-eriksen.no/teaching/ELE3781/ BSc in Data Science for Business



Lecture B ELE 3781 Mathematics elective

@ Popudadon avuwia  wesss

‘:2—'5\'«. watnce, |

| S Wt
€y £ A= - . Loy K VXA wae K RX
— P\ O o -- o 3 .,
A o :PL o - . ) o . ‘?\}— o"\v\bo (V\
LA i 3 o <pi<\
0 o Q - ?h-\ 8]
B\
\ 1y KAt 0=\ yeoss old
f .
& R - . . . )\z-‘ \__1 —_— (A —
— —
P\ ?(_ 3 ;’, ° "i‘::@ . ~.
4 | xw Q““\f“ sy

A Ss eredisedde

s preesdes o R «
m

o w3 \ * =) &>
T P(’-—‘-K'-'f o a» Sl 0.5
= o oasd
S = Ne) —ers(o1F) = O
\ .S X o) =9

4 _ >\'\* 22\ * 0-'3'.\-’3_ = e

L) Wne ?‘SMV\ o Cdu ey gtﬂvclu&$ ' e A e
3 Conple A™ ()

¥ A \qﬁo Vit <
— = Vo = =PhVy =
Vo = K\\oo) Vy © e it o 625

Eivind Eriksen, Office B4-032

BI Norwegian Business School
https://wuw.dr-eriksen.no/teaching/ELE3781/ BSc in Data Science for Business



[8]:

[9]:

[3]

[4]:

[4]:

(5]

[7]:

[7]:

[10]:

ik M

[t ]

Example Leslie matrices

October 6, 2020
import numpy as np
import pandas as pd

A
v

np.array([[0,4,3],[0.5,0,0],[0,0.25,0]1)
np.array([[10], [10], [10]1)

eval, evect = np.linalg.eig(A)
eval
array([ 1.5 , —1.30901699, -0.190983011)
w = evect[:,0]
w/w.sum()
array([0.72, 0.24, 0.04])
rows = v.shape[0]
for i in range(12):
last = v.shape[1]

w = np.reshape(v[:,last-1], (rows,1))
v = np.append(v,A.dot(w),axis=1)

v

array ([[1.00000000e+01, 7.00000000e+01, 2.75000000e+01,
8.12500000e+01, 2.97812500e+02, 2.16406250e+02,
5.444902188e+02, 1.33333984e+03, 1.32376953e+03,
3.14754150e+03],
[1.00000000e+01, 5.00000000e+00, 3.50000000e+01,
7.18750000e+01, 4.06250000e+01, 1.48906250e+02,
3.13046875e+02, 2.72246094e+02, 6.66669922e+02,
1.43543213e+03],
[1.00000000e+01, 2.50000000e+00, 1.25000000e+00,
3.43750000e+00, 1.79687500e+01, 1.01562500e+01,
2.70507812e+01, 7.82617188e+01, 6.80615234e+01,

1,
6
2

1
4,
6

8
3
1

.43750000e+02,
.26093750e+02,
.87086426e+03,

.37500000e+01,
.08203125e+02,
.61884766e+02,

.75000000e+00,
.72265625e+01,
.66667480e+02,



1.65471191e+02]11])
[12]: u = pd.Series(v[0])
(18] in

[13]% 0 10.000000
1 70.000000
2 27.500000
3 143.750000
4 81.250000
5 297.812500
6 216.406250
7 626.093750
8 544.492188
9 1333.339844
10 1323.769531
11 2870.864258
12 3147.541504
dtype: float64

[14]: u.plot(Q

[14]: <matplotlib.axes._subplots.AxesSubplot at 0x26caOcf7490>

3000 |

2500 A

2000 A

1

1540

1000 -

500 A

[17]: u = pd.DataFrame(np.transpose(v))

[S]



[18]: u.plot()

[18]: <matplotlib.axes._subplots.AxesSubplot at 0x26ca0ed6250>
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