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3.1 Introduction to Determinants

Notation: A; is the matrix obtained from matrix 4 by deleting the
ith row and jth column of 4.

EXAMPLE:
I D] U= g
A= Axp = A o \2
ESETTERT

b
Recall that det[ . ; J = ad — bc and we let det[a] = a.
C

For n > 2, the determinant of an n x n» matrix 4 = [a;] is given

by//,_—-//———\

\ detd = andetd —andetdip + - + (— 1)1+na1n detA 1,

L\ = > (-1)"Yay detdy;
\

Jj=1

L Ay = 20 g by + 2 dat
— 4 C@J—(ﬁw} 1



EXAMPLE: Compute the determinantof4=| 3 -1 2

Solution A ‘2, Az

1 9 : 3 —
det4 = 1det L2 — 2 det 3 2 + O det 1 ,
0 1 2 1 2 0

_ (-t ~20) c2 (S(-22 - -[+2 = |

a——
ey

3 2 3 2
Common notation: det =
2 1 2 1
So
T2
-1 2 3 2 3 -1
0 1 2 1 2 0
2 0 1
The (i,j)-cofactor of 4 is the number C; where
Cy = (1) detd;.
Y —{ 2z
‘Fl QEF — \ 2\ \
1 2 0 Vi e
3 -1 2 | =1C11 +2C12+0Cy3
2 0 1

(cofactor expansion across row 1)
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: \ =
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THEOREM1  The determinant of an » x » matrix 4 can be
computed by a cofactor expansion across any row or down any

column:
detd = anCin +anCin+ - +aimCip (expansion across row i)

detd = a;Cij +ayCo + -+ + a,Cy (expansion down
column j)

Use a matrix of signs to determine (1)

- —
— _I_ —
+ - o+
12 0 |
EXAMPLE: Compute the determinantof4=| 3 -1 2
2 0 1
using cofactor expansion down column 3.
Solution o
< <, i
bo29 3 -1 1 2 1 2
3 —1/2]]=.0 ~2 +1 = 1.
At 12 0 |- 12013 -1]| —
2 011
J




112 3 4 |
. 0/2 1 5
EXAMPLE: Compute the determinant of 4 =
olo 2 1
0/]0 3 5
Solution
<112 3 4
~110/]2 1 5
£ {000 2 1
~10/l0 3 5
-}:215 234/, 2 3 4 2 3 4
=1F0|2 1 —.00/2/1 +0{ 2 ¥'5 (-0l 2 175
+0(3 5 0 35 0 3 5 2 1
2 1
=102 14
—O 4« Q

Method of cofactor expansion is not practical for large matrices -
see Numerical Note on page 190.



Triangular Matrices:

(upper triangular) (lower triangular)

THEOREM 2: If 4 is a triangular matrix, then det 4 is the product
of the main diagonal entries of 4.

EXAMPLE:
213 4 5
001 2 3|_ 9.1.0x% -y o
010 0 4




3.2 Properties of Determinants

THEOREM 3  Let 4 be a square matrix.

a. If a multiple of one row of 4 is added to another row of 4
to produce a matrix B, then det4 = detB.

b. If two rows of 4 are interchanged to produce B, then
detB = —detA.

c. If one row of 4 is multiplied by & to produce B, then
detB = k - det4.

3 4
0 0
EXAMPLE: Compute
6 10
7 11
Solution
1 2 3 4
1 3 4 1 3 4
050 0
=526 10 | =500 2
2 7 6 10
2 7 11 2 7 11
2.9 7 11
1 3 4
=5 =50 13 |= =
0 02




Theorem 3(c) indicates that

EXAMPLE: Compute

Solution

~ WU N
SN O B

9 O

~N W N
N &N B

J—
~J N e

= 2(-4)

X ok ok
—2k S5k 4k

* > >k

ok
o N

SN NN
~N W
I
\S)

2 = 2(-4)

=2(=HMM)(5) = —40

o O =

k

2
0 -4
0 -8 —11

O = N
wm N W

X ok ok
-2 5 4

*x ok ok

3
-8




EXAMPLE: Compute

23 0 1
4 7 0 3
79 2 4
12 0 4

using a combination of

row reduction and cofactor expansion.

Solution

— =3 AN

1
. 2 31 2 3 1
L | =24 73 -2l01 1
1 2 4 12 4
4
12 4 1 2 4
2023 1]|==2l0 -1 -7
011 01 1
4
7 | = 2(1)(=1)(=6) = - 12.
—6




b 3 ) X

Suppose 4 has been reduced to U =

o o <o B
o o <o PR x

*
m - by
o -
0 0O 0 W
row replacements and row interchang_e—s, then

(‘
duct of

(1)’ Pro uc,t © when 4 is invertible

detd = < pivots in U

0 when 4 is not invertible

-

THEOREM 4 A square matrix is invertible if and only if
det4 + 0.

THEOREM 5 If A is an n x n matrix, then det47 = detA.

Partial proof (2 x 2 case)

detl: a b ]=ad—bc and
c d
; T
det] —detl ¢ ° | =ad—be
c d b d
= det a b = det @ ¢ )
c d b d



THEOREM 6 (Multiplicative Property)
For n x n matrices 4 and B, det(4B) = (det4)(detB).

EXAMPLE: Compute det4? if det4 = 5.

Solution:  detA? = det(444) = (detA)(detA4)(detA)
— S‘BP-S/ <> L=l

I

EXAMPLE: For n x n matrices A and B, show that 4 is singular if
detB # 0 and det4B = 0.

Solution:  Since
(detAd)(detB) = detdB = 0

and
detB + O,

then det4 = 0. Therefore 4 is singular. |

11
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Example 28. Compute the determinant of A by cofactor éxpansion along a suitable row
where

1 —1 =39 1
0 0 0
A=14 ¢ =2 0
2.4 AQ 2

Solution. By cofactor expansion along the second row we get
1A|IO'A21+O'A22+1-A23+0°A33

1 -1 1
=1-(-1)*%.|1 0 0

2 1 2
) R IR EC R
= (-1 (DD -2-1-D)
= (1) ((-1)(-3)
=-3

Problem 23. Compute the determinant of A by cofactor expansion along a suitable row
where

A=

OO O
[en B
O =
=

3.9. Cramer’s rule. Cramer’s rule is a useful way to solve a system of linear equations,
in particular when we only need to know the value of one of the variables.

Proposition 29. Assume that A is an n X n matrix and assume that |A] # 0. Then
Ax=Db
has a unique solution given as

o= |4b,i|

;=
|A]

where Ap,; is obtained form by replacing the ith column with b.

fori=12,...,n

Let us consider an example.

Example 30. Write the following system of linear equations as Ax = b and solve it using
Cramer’s tile: : P P ol
” Ty Fxe="1

Ty — Ty =4

12



Solution. We get

A= (0 5 ) e (B) meo=(4):

This gives
Ab,l—:(}l _}l)andAb‘Z:(i }1)
Thus we get
11
oy — -1 @-(-1)-4-1) -5 _5
ST 1| @ (Fy-1-1) -2 2
1 -1
11
2y = .1 4‘ _ (1-4-1-1) zi:_§
11 r-(-n-1-1y -2 2
1 -1

We try another example.

Problem 24. Write the following system of linear equations as Ax = b and use Cramer’s
rule to find z;:

21+ 2o+ =1
2:1:2—3:1:3:0
21 +4xe — 323 =0

3.10. The Inverse Matrix. In Lecture 2 we learned about the inverse matrix. Now that
we have learned about determinants, we can give a formula for the inverse matrix.

Proposition 31. Assume that A is an nxn matrix. Then A is invertible if and only if [ 4| # 0.
If |A| # 0, then
1

A—l
|A]

adj(A).

We look at some examples.

Problem 25. Determine if the following matrix is invertible:

12 -3 4 1
0o 0 1 1
0 0 1 -3
0 0 0 2

Problem 26. Determine if the given matrix invertible and if so find its inverse.

("")A:(‘o1 —21
1 2
wA=| 0 o
-2 1

13



