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Section 1.1: Systems of Linear Equations

A l¡near equation:
atxt I cr,zxz + ... + anxn - b

EXAMPLE:

4xt - 5xz +2 - xt and

t
rearranged

J

3xt-5x2--2

xz -2(J6 -xt)*xt
J

rearranged

J

2xt+xz-xt -2J6

Not linear:
4xt-6xz:xrx2 xz:2Ja -7and

A system of linear equat¡ons (or a linear system):
A collection of one or more linear equations involving the same
set of variables, say, x1,x2,...,xn.

A solution of a linear system:

A list (sr,sz s,) of numbers that makes each equation in the
system true when the values s1,s2 sn ãtê substituted for
x 1,x2, . . .,xn, fespeCtiVely.
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12

xz= lo-,c

EXAMPLE Two equat¡ons ¡n two variables:

Xt+Xz

-xt +

10

)(Z- y\

2xz - -3
4xz: 8

Xt

2xt
z

0

,12

2 45 6 I 10

one unique solution

Lxu-'t\¿=-6

no solution

5

I

6

4

2

4

3

2

10

2

1

x1
-1 54

-1
x1

xt+
-2x1 -

XZ:

2xz - { -.)

aJ

-6

4

x1
1 1_23 5

-1
-2

d.^: o So\'".

no\ \rt^e*
5

infinitely many solutions

BASIC FAGT: A system of linear equat¡ons has either

(i) exactly one solution (consistent) or

(ii) infinitely many solutions (consrsfenf) or

(iii) no solution (inconsistent).
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EXAMPLE: Three equations in three variables. Each equation
determines a plane in 3-space.

i) The planes intersect in ii) The planes intersect in one

one point. (one solution) line. (infinitely many solutions)

¡¡i) There is not point in common

to all three planes . (no solution)

3



The soluiion set:
o The set of all possible solutions of a linear system.

Equivalent systems:
o Two linear systems with the same solution set.

STRATEGY FOR SOLVING A SYSTEM:

o Replace one system with an equivalent sysfem that is
easier to solve.

EXAMPLE:
2xz :
3xz :

L
2xz :
XZ --

J-

1

(o) + z(Þ)
(.u)

X

(r)

(")

(')

(t) tcz)

Xt

-Xt

Xt

Xt

+ a
J.

(o)

(Ð

-1
2

>(r=9
x.¿= /

X.-=ZXz

3aJ

2

4



,12

4

-2

-4

xt 2xz :
-xt + 3xz :

-l_0

,12

4

2

x1x1
-10 5 1010 -10 -5

Xt

5

5

1

2

1

.t
J

-2

-4

10

2xz

XZ

4

-5

-2

-4

:3 )
:2 )

5

Xt

Xz



Matrix Notation

Xt

xt 2xz -
-xt + 3xz -

xt 2xz -
-xt + 3xz -

2xz 1

XZ

Xt

XZ

(coefficient matrix)

1 r-2
-1 3a

J

1

a
J

2<¡

L

1

-1

N)
I

-2
aJ

1

3

(augmented matrix)

r
ü

1I-2

J

4-
xL

1

0

I
Àt

2

J

.t
J

2

I

01 2

0 aJ Y1 3
z1 2 \¿

6



F^Jç..

Elementary Row Operations: *ì,^-\ Cocr-: a¡qço\ """a
1. (Replacement) Add one row to a multiple of another row.

2. (lnterchange) lnterchange two rows.
3. (Sca ling) Multiply all entries in a row by a nonzero constant.

Row equivalent matrices: Two matrices where one matrix can
be transformed into the other matrix by a sequence of elementary
row operations.

Fact about Row Equivalence: lf the augmented matrices of two
linear systems are row equivalent, then the two systems have the
same solution set.

XLrKZ= \ e
I

t - Qr"I-c<_ e-qwiv .
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\-.r- sjsL*
ac.^- L<- g\t'

\,.

\

c

l
\

U*

\

Kr Xz

\:* - s¡ s[<.^

I
\

)

CIJ--'- dtl o+" XY

7



L- 1r f - a

-I>vì¿il
+''-'t^'\ &

C)

8- z a

\z 1

$*4t
-4v\-

8
t-
o

g-
a

V J )--
?- z o
\ z- |

t ) )--
6- z a
\ z- I

. g =-,pls-ùO *oð

b-
B

o

(-
(?

J
z

\

)-,

\ I

(

t
\ 2- 1

t
? a

a

I

\-., -

z
5 t

O

t bs),- V
8
o

h- I

I z'

),
z

o *zht
6ir¡ort c)

ì

t- = txL +?'<S+ U<¡
\-

a

l
8-
I

b'
I
O

t tv8 =xf
C
'>¿ + 'oZ7-

<-) E
t¡ '."g



EXAMPLE:

xt 2xz

2xz

-4xr * 5xz

+xz
8x¡

+ 9xz

l-2
02

-45

-2
2

-3

J-

0

0

0

1

-8
9

L
1

-8
I3

,+

tlz

J 3

xt'z7
Xz=lb

xs-3

0

0

0

8

-9

0

8

-9

0

8

-9

0

4

-2
4

0

8

-9

Xt

Xt

Xt

2xz

2xz

3xz

+xz:
8x¡ :

+ l3xt -

2xz + xz

XZ 4xz

3xz + I3xt -9

0

4
aJ

2xz + xz

XZ 4xz

Xl

0-3 -9

-2 1\^Dlr

bc^ok
3.*çsLt[,-l';,.

0 1

-4
l3

-4

Xt 0

4

aJ0

| -2 0

010
0 01

2xz

XZ

a_J

t6
-tJXZ

a_J

T6

aJ

I

1

I

1

1

1

1



Xt _29
_16

-3

00.
0 ù

00

0

8

-9

9

t6
aJ

XZ

XZ

Solutioni (29,16,3)

Gheck: ls (29,16,3) a solution of the original system?

xt 2xz

2xz

-4xr * 5xz

+xz
8x¡

+ 9xz

(2e) -2(16) + 3

2(16) - 8(3)

-4(2e) + s(16) + e(3)

:29-32+3
: 32 -24
- -116 + 80 +27

t.-.,\.t-
a\

= 
t^-t $ i \'-\i" -'-

_0
_8

-9

(" o.^rSS tc^a -q\*^-Uo-{dcn

Çor¡J o æf

6o.^-Þ^ - Q-""4^ .,(^^1.,^..\.-^ I (ve^tit\lof

tP"'-.\

9

1

1

I

îOl^s ô fq.r
-t ) -* + r¡ cr'{ (-crL^J o
a.-\Le^-\ À

ùo,&s



Two Fundamental Questions (Existence and Uniqueness)

1) ls the system consistent; (i.e. does a solution exist?)

2) lf a solution exists, is it unique? (i.e. is there one & only one
solution?)

EXAMPLE: ls this system consistent?
0

ln the last example, this system was reduced to the triangular

o

xt 2xz

2xz

-4xr r 5xz

+xt:
8x¡ :

+ 9xt_
8

-9

form:

Xt 2xz + xt:
xz 4xt :

XZ:

o-2 1

-4
0

0

0

0

4
aJ

0

4
F.)

J

This is sufficient to see that the system is consistent and un¡que.
whv?
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EXAMPLE: ls this system consistent?

3xz- 6xt: 8

JCt-2xz+ 3xz --1
5xt-7xz+9xt_ 0

0 3-6
t-2 3

5-7 9

8

-1
0

Solution: Row operations produce:

Equation notation of triangular form.

The original system is inconsistent!

0 3-6
t-2 3

s-7 9

8

-1
0

-1
8

5

-2
o

aJ

-6
0

-1
8

aJ

t-2 3

0 3-6
0 3-6

->

0

0

0

Xt 2xz

3xz

--l
:8
:-3

+ 3xt

6xt

0x: * Neve r true

11



EXAMPLE: For what values of h will the following system be
consistent?

3xt

-2xt

9xz

+ 6xz

4

4

h

Solution: Reduce to triangular form.

4

h
+

a
J

h
-+

3-9
-26

1-3
-26

1-3 4
J

00 h*t

The second equation is \xt +\xz - h + f . System is consistent
onlyifh+!-0orh-+

12
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Section 1.2: Row Reduction and Echelon Forms

Echelon form (or row echelon form):
1. All nonzero rows are above any rows of all zeros.

2. Each lea en (i.e. left most nonzero entry) of a row is
in a column to the right of the leading entry of the row above
¡t.

3. All entries in a column below a leading entry are zero.

EXAMPLE: Echelon forms

É.n.

(c)

IU -L
Õ @

(

-t

eù*\qn
1o.^

(b)

{<

,k

t<

,k ,k

)k ,k >k ,k ,F

,kt

0

0

/lO \- €cJ-tl-Lo ^ 4-o,^-

t)kt*

0

0

o t
,k0

0

0

t
,k

,F

,k

,k

t

0

0

0

0

0

*

0

0

0

0

0

0

0

{<

0

0

0

0

0

0

0

0

0'

0

0

0

0

0

0

0

0

ø

,Ftt< o(a) o
0

0

0

,k

,F

>k

t

t<

*

,k

{<

t-r\r-<\.*
\",wn

Reduced echelon form: Add the following conditions to
conditions 1, 2, and 3 above:

4. The leading entry ¡n each nonzero row is 1.

5. Each leading 1 is the only nonzero entry ¡n its column.

rcd¡^e e/ ¿ c\^.¿10,,, .þ'* \ : uú\\ qr-,-t

1



EXAMPLE (continued):

Reduced echelon form :

o Q)x
00 0

00 0

00 0

000

{<

)k

,F

0

0

0

0 {<

*

)k

0

0

0

0

0

0

0

>k*

*t
,k ,k

>k*

,F*

r<-d.,..-q p{

€c-[."-.I e-r^

Lo.---

0000

Theorem 1 (Uniqueness of The Reduced Echelon Form):

00000

Each matrix is row-equivalent to one and only one
reduced echelon matrix.

1

2



lmportant Terms:

o pivot position: a position of a leading entry in an echelon
form of the matrix.

o pivot: a nonzero number that either is used in a pivot
position to create 0's or is changed into a leading 1, which in

turn is used to create 0's. : \<^Ar^=_, *_^\- s \.,,. 4/^
<.cJ^4ø,"- f*r*

o pivot column: a column that contains a pivot position.

(See the Glossary at the back of the textbook.)

/
? i voLs

ô

,[

ì
\vt -,/{

-
O @T I
¿ c\-¿\cr^ {o'',.-^r

3



EXAMPLE: Row reduce to echelon form and locate the pivot
columns.

Solution
pivot

45
J

L( ( -1 -+

a_J

-2
a_J

4

d

-1

-2
1

4
-tJ

-tJ

-9

-6
1

0

5

9

1

1

7

ttr. \

-7
1

-1
9

-9
.t
J
.l
J

4

(

pivot column

-1 -2 -1

-2-3 0

0-3-6
1

oø1 -L

ö-3 -G \

{ -T

-(

t{

o
c 5 to -l -(

_G

1

1

-l
ç

Lr45-9-7
024-6-6
0 510 -15 -ls
0 -3-6 4 9

'+ Possible Pivots:

] (

t(
7

j -1

J
t
2

0
()

Lt

(t
O

o

o
0

o

c9 -3 -3

a
C2clo
û o o C

I

< c[e\o ^ +",-'-,

C<...- o
o



ç [ v o.F ç.,s'.\tJ -"^

I4 5 -9
0 24-6
000 0

000-5

oØ

00
î1

X1 X

-7
-6

0

0

-9
-6

45
4

-7

-6
0

0

000
00
î,t

Original Matrix:

zYs \
-6
-1

0

5

0

-1

-2
1

1

1

Kl

a_J

-2
a

-J

4

1

4
aJ
.l
J

t{

'9

1

-1

-7

pivot columns:

Note: There is no more than one pivot in any row. There is no
more than one pivot in any column.

2
K-

1

4
X

1

61cl rsa"t "^-F +^^{

Év, )r r * \xz ... 3I¡ -- t{
x7 t zxs= ?

O-xt +of,z tO.{}= 3

q

rt¡LF c sLr-
ì-¿\ 6 g[,.-,,^.

e ol c¡Vrttr i S

¿¿1,*^

\s

rr5u'-{
iw o\o\

G-

\,\o\

?

2-3 \
() z
czo Ò

5

no S " L[.- c^q
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( u*-r \+*

\ c,-o \z.r¡ G ?

VÒ \

iÀ\*^:ub
S.L^H--.= î.rot

s
\
o

o
c)
c)

CJã< \ 1

(-

-T
-Ç

()

C)

wo-)

(-,

Oo (e Õ

1ô I

X\ t Ix. *Jxr
2fu €I)<1 C*a

-f o.t

, rX., X\ I tc-Sr-c- \,/cf.
,.tù

Itr =-1
te )O

X7 = -Zog -3x

X
)< 4-**

\3

5 -+
x I (-z x3-l)årxr

\
3 rçX1

X 2x
$.=

\

2

9

\X Ò

X "t
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EXAMPLE: Row reduce to echelon form and then to reduced
echelon form:

03
3-7
3-9

-6 64 -5
8-5 8 9

12-9615
Solution:

15

9

-5-9

aJ
aJ

-9 6 15

42-6
6 4 -5

03
-7

3-912
0 2-4
0 3-6

-6 64 -5
8-5 I 9

12 -9 6 15

3-9
3-7
03

12-96
8-58

-6 64

3-912
0 2-4
0 3-6

Cover the top row and look at the remaining two rows for the
left-most nonzero column.

-9615
42-6
6 4 -5

3-9
01
03

t2-9615
-2 2 1-3
-6 64 -5

3-912-96
0 I-2 21
0 0 0 01

15

-3
4

6

(echelon form)



Final step to create the reduced echelon form:
Beginning with the rightmost leading entry, and working upwards
to the left, create zeros above each leading entry and scale rows
to transform each leading entry into 1.

.l
J

0

0

9

1

0

3

0

0

0

1

0

9

2

0

0

0

1

t2-90
-2 2 0

0 01
-7

4

-9
-7

4

-6

-2
0

-72

0

1

0

aJ

2

0

0

0

1

1

0

0

-2
-2

0

-24

-7
4

7



SOLUTIONS OF LINEAR SYSTEMS

o basic variable: any variable that corresponds to a pivot
column in the augmented matrix of a system.

o free variable: all nonbasic variables.

EXAMPLE:

60 xt +6xz +3x+

xt -&xq

0

aJ

-8
0

0

0

0

5

7

0

5

70
00
00 XS

pivot columns. ')'

basic variables: X, , K3 , xç

free variables:
/\2 X

\/ 3S

I )

I

I



Final Step in Solving a Gonsistent Linear System: After the
augmented matrix is in reduced echelon form and the system is
written down as a set of equations:

So/ve each equation for the basic variable in terms of the free
variables (if any) in the equation.

EXAMPLE:

xt +6xz

xt - -6xz-3x+
xz is free

xz-5+8x+
x+ is free

Xs -7
(general solution)

The general solution of the system provides a parametric
description of the solution set. (The free variables act as
parameters.) The above system has infinitely many solutions.

whv?

Warning: Use only the reduced echelon form to solve a
system.

+3x+

xs -8x+

0

5

7I'

( t"riVx

\c.^-\

<.\n.\.^ &n ,^ , \- t: o.,Ln-q c¡ ss JoL\

t,a\

fe 1ruf <n So,-^\ t^-¡o, Lr \.^ \\^

\

I
\ro.-\. S.^j.,:f',.\^\rl ,^ )



Existence and Uniqueness Questions

EXAMPLE:

3xt

3xt

3xz

-7 xz

-9xz

-6xt
+8x¡

+l2xt

+6x+

-5x q

-9x+

+4xs

+8xs

+6xs

--\

-9
_ 15

ln an earlier example, we obtained the echelon form:

-9 12 -9
(à-4 4

000 (xr - 4)

6

2

15

-6
4

0

0

No equation of the form 0 - c, where c + 0, so the System ¡S

cons¡stent.

Free variables: xz ãtrd x+

Gonsistent system

with free variables
- infinitely many solutions.

10



EXAMPLE:

3xt

2xt

-2x t

+4xz

+5xz

-3xz

--3
_5
-1

34
25

-2 -3
+

a_J

5

1

Gonsistent system,

no free variables

3xt+4xz - -3
xz -3

+ unique solution.

4

c
aJ
4.,

J

0

+0

00

11



Theorem 2 (Existence and Uniqueness Theorem)

1 . A linear system is consistent if and only if the rightmost
column of the augmented matrix is not a pivot column, i.e., if
and only if an echelon form of the augmented matrix has no
row of the form

to o b ]t*n"rebisnonzero).
2. lf a linear system is consistent, then the solution contains
either
(¡) a unique solution (when there are no free variables) or
(ii) infinitely many solutions (when there is at least one free
variable).

Using Row Reduction to Solve Linear Systems

1. Write the augmented matrix of the system.
2. Use the row reduction algorithm to obtain an equivalent
augmented matrix in echelon form. Decide whether the system is
consistent. lf not, stop; otherwise go to the next step.

3. Continue row reduction to obtain the reduced echelon form.
4. Write the system of equations corresponding to the matrix
obtained in step 3.

5. State the solution by expressing each basic variable in terms of
the free variables and declare the free variables.

12



EXAMPLE:
a) What is the largest possible number of pivots a 4 x 6 matrix can
have? Why?

\

b) What is the largest possible number of pivots a 6 x 4 matrix can
have? Why?

u
t

c) How many solutions does a consistent linear system of 3
equations and 4 unknowns have? Why?

',.^\.^i\-q **)
t + \^o-\ ôru Ç.. t^. )

d) Suppose the coefficient matrix corresponding to a linear
system is 4 x 6 and has 3 pivot columns. How many pivot
columns does the augmented matrix have if the linear system is
inconsistent?

o

C)

o

13
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