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1.3 VECTOR EQUATIONS

Key concepts to master: linear combinations of vectors and a
spanning set.

Vector: A matrix with only one column.

Vectors in R” (vectors with » entries):

U

Uz

Un

Geometric Description of R?

Vector |: i j| is the point (x1,x2) in the plane.
X2

R? is the set of all points in the plane.
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Parallelogram rule for addition of two vectors:

If u and v in R? are represented as points in the plane, then
u + v corresponds to the fourth vertex of the parallelogram

AN
\: CczlxtO‘”

whose other vertices are 0, u and v. (Note that 0 = g )
1 2
EXAMPLE: Letu = [ 5 Jand vV = [ 1 } Graphs of u,v
and u + v are given below: ) ( 7’} (2
' 3 TALLIT4
Qe T
. . . -~ X1
1 2 3 4

lllustration of the Parallelogram Rule



Linear Combinations

DEFINITION

Given vectors vi,v3,...,V, in R” and given scalars c1,c», ..., cp,
the vector y defined by

Yy =ciVi+CV2+ - +CpVp
is called a linear combination of v,,v,,...,v, using weights
C1,C25...,Cp.
Examples of linear combinations of viand v;:

3v, +2V2, —;—Vl, Vi — 2V, 0
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EXAMPLE: Lletu-= [ , :l Express u, 2u, and Z-uon a

graph. 9. (‘),(\f)
, 235

, (2. “t)

|




2
EXAMPLE: Letv, = 1 and v, = 5 | Express

each of the following as a linear combination of v, and v;:
0 —4 6 7




EXAMPLE: Leta; = 0 |,a = 2 |,a3 = 6 |

and b = 8

Determine if b is a linear combination of a;, a», and as.

Solution: Vector b is a linear combination of a;, a,, and a; if can
we find weights x1,x2,x3 such that

xia; +x2d2 +x3A3 = b.

Vector Equation (fill-in):

\ Y 3 —(
X1 O * X1 2 + Ky 6 - S
5 [ [ D -5
X+ Qxe + 3, / =
Corresponding System: 2xztGxy] T | F
/_/.—\/,MLLXL‘HO’(},. f” S
x1 + 4dx; + 3x3 = -1

2)C2 + 6X3 = 8 |
3x1 + 14x, + 10x3 = -5




Corresponding Augmented Matrix:

1 4 3]|-1 Mool | = |
02 6(8 |[~] 0()o]-=2 = x,="2

3 14 10|-5 0 0 (| 2 X3 =_2
G%Léwbiw\ € Malon

V\a’\vr"‘ o b: \ A ”202 k—lf‘_j

Review of the last example: a;, a,, a; and b are columns of the
augmented matrix

1 4 3 -1 |
0 2 6 8
3 14 10 -5
1T 1T 1

a; d> as b
Solution to
xXi1d1 +x2d2 +x3d3 = b

is found by solving the linear system whose augmented matrix is

[a1 a as b:l.



A vector equation

xidi +x2a2 + - + XAy = b

has the same solution set as the linear system whose
augmented matrix is

[31 a, --- a, b ]

In particular, b can be generated by a linear combination of
ai,a.,...,a, if and only if there is a solution to the linear
system corresponding to the augmented matrix.



The Span of a Set of Vectors

3 0
EXAMPLE: Letv=| 4 |. Labelthe origin

5
together with v, 2v and 1.5v on the graph below.

X3

_x2

v, 2v and 1.5v all lie on the same line.
Span{v} is the set of all vectors of the form cv.
Here, Span{v} = a line through the origin.



EXAMPLE: Labelu, v, u + v and 3u +4v on the graph below.

u, v, u + v and 3u +4v all lie in the same plane.
Span{u,v} is the set of all vectors of the form xu + x,V.
Here, Span{u,v} = a plane through the origin.

10



Definition
Suppose vi,v3,...,V, are in R”; then
Span{v,,v,,...,v,} = set of all linear combinations of
Vi,V2,...,Vp.

Stated another way: Span{v,,v,,...,V,} is the collection of
all vectors that can be written as

X1V1 +XxX2Vo + --- +xpr

where x1,x2,...,X, are scalars.

EXAMPLE: Let v, =|: ? J and v, =[ : J

(a) Find a vector in Span{v,v;}.

(b) Describe Span{v,v,} geometrically.

11



Spanning Sets in R®

X3

V2

v, is a multiple of v,
Span{v,,v,} =Span{v} =Span{v:}
(line through the origin)

12



v, is not a multiple of v,

Span{v;,v,} =plane through the origin

EXAMPLE: Letv, =| 2

Span{v;,v;} a line or a plane?

and v, =

. lIs

13



1 2 | 8
EXAMPLE: let4a=| 3 1 andb=| 3
0 5 17
the plane spanned by the columns of 47
Solution: B B B B
1 2 8
A= 3 1 b= 3
0 5 17
Do x; and x, exist so that
Corresponding augmented matrix:
1238 | [12 8 | [ 12
31 3 ~1 0 =5 21 ~| 0 =5 =21
0 5 17 0 5 17 0 0

So b is not in the plane spanned by the columns of 4

—4

. Is bin

8

14
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1.4 The Matrix Equation Ax = b

Linear combinations can be viewed as a matrix-vector
multiplication.

Definition

If A is an m x n matrix, with columns a;,a,...,a,, and if xis in

R”, then the product of 4 and x, denoted by Ax, is the linear

combination of the columns of A using the corresponding
entries in x as weights. l.e.,

- -
AX =|: a; a» --- ay :l x_2 =Xx1aA1+x2a2+ - +x,d4,
Xn

EXAMPLE:
1 4 | ol [ -4 ]
7
2 |: ’ :|—7 3 |+-6 2 |=

0 0 5
7 | [ 24 | [ 31 |
o1 |+ 12 |=] o9
0 30 30




EXAMPLE: Write down the system of equations corresponding
to the augmented matrix below and then express the system of
equations in vector form and finally in the form 4x = b where b

is a3 x 1 vector.
2 3 4 9
-3 1 0 2

Solution: Corresponding system of equations (fill-in)

Vector Equation:

Matrix equation (fill-in):



Three equivalent ways of viewing a linear system:
1. as a system of linear equations;

2. as a vector equation x;a; +x;a; + --- + x,a, = b; or
3. as a matrix equation 4x = b.

THEOREM 3

If 4 is a m x n matrix, with columns ay,...,a,, and if b is in
R™, then the matrix equation

AX=Db
has the same solution set as the vector equation
xid1 +xa+ - +x,a,=b

which, in turn, has the same solution set as the system of
linear equations whose augmented matrix is

[31 a, - a, b ]

Useful Fact:
The equation 4x = b has a solution if and only if b is a

of the columns of 4.




1 4. 5 b1
EXAMPLE: Let4=| -3 -11 -14 [andb = b,
2 8 10 b3

s the equation 4x = b consistent for allb? No , g\ ~ &
- 2 s, *bz—.: o)
Solution: Augmented matrix corresponding to 4x = b:

1 4 5|b 14 5\ b
3 11 —14] by |~| 0 1 [3b1+b
2 8 10\ b3 0 0 0 |-2b1+bs3
- O~ bed »\/—J«bx_ T echdon Ao -
AX =bis consistent for all b since some choices of b

make —-2b1 + bz honzero.

AX = = 1S G \vw %\aé«-«-’\ ) U-r\\(’v\ cg_\oauach\r-ﬁgk

[ < ‘ o,

( A \9_>—, 3 -1 | o

2 B lo | by

o < 5 \(\&"-’\ L(\
*"2\0\ A \93 = ( OO °(9 o J“b'2.> \J./\C-AD go\,\_\’l«g-,gg
0 < L A— —

@‘—k%’ v, L .



1 4 5 ]
A=| 3 11 -14
2 g8 10
T 1 1
d; d; ajs

The equation 4x = b is consistent if
—2b1 + b3 = 0.
(equation of a plane in R?)

xXi1d1 +x2d3 +x3d3 = b if and only if b3 —2b1 = 0.

1/
/ /

Columns of 4 span a plane
in R through 0



Instead, if any b in R3 (not just those lying on a particular line or
in a plane) can be expressed as a linear combination of the
columns of 4, then we say that the columns of 4 span R°.

Definition
We say that the columns of 4 = [ a; a, - a, ]span
R” if every vector b in R” is a linear combination of
ai,...,dp

(i.e. Span{a,...,a,} = R").

THEOREM 4
Let 4 be an m x n matrix. Then the following statements are
logically equivalent:

a. For each b in R™, the equation Ax = b has a solution.

b. Each b in R is a linear combination of the columns of 4.
c. The columns of 4 span R™.

d. 4 has a pivot position in every row.



Proof (outline): Statements (a), (b) and (c) are logically
equivalent.

To complete the proof, we need to show that (a) is true when (d)
is true and (a) is false when (d) is false.

Suppose (d) is . Then row-reduce the
augmented matrix[ A b ] ;

[4 b]~-~[U d]

and each row of U has a pivot position and so there is no pivot in
the last columnof [U d ].

So(a)is

Now suppose (d) is . Then the last row of
[U d] contains all zeros.

Suppose d is a vector with a 1 as the last entry. Then [U d ]
represents an inconsistent system.

Row operations are reversible:  [U d]~ - ~[4 b]

— [4 b]isinconsistent also. So (a)is . m




EXAMPLE: Let4 =

1 2
3 4
5 6

and b =

equation Ax = b consistent for all possible_ b?

Solution: A4 has only
pivots.

at most

Since 4 does not have a pivot in every

is

according to Theorem 4.

. Is the

columns and therefore has

AX =Db

for all possible b,



1 2 3
EXAMPLE: Do the columnsofd=| 2 4 6 |[spanR3?

0 309

Solution:

123 |
246 |~

0 39

(no pivot in row 2)

By Theorem 4, the columns of 4

Another method for computing Ax

Read Example 4 on page 44 through Example 5 on page 45
to learn this rule for computing the product 4x.

Theorem 5

If 4 is an m x n matrix, u and v are vectors in R”, and c is a
scalar, then:

a. AU+V) =AU + 4v;
b. A(cu) = cAu.






2.1 Matrix Operations
Matrix Notation:

Two ways to denote m x n matrix A4:

In terms of the columns of 4:

A=[a1 a)

In terms of the entries of A:

an - ay
ami A mj

Main diagonal entries: . %, Ch. -

Zero matrix:




THEOREM 1

Let 4, B, and C be matrices of the same size, and let » and s
be scalars. Then

a.A+B=B+4 d.r(4+B) =rd+rB
b.(A+B)+C=A+B+C) e.(r+s)4d=rd+s4
c.A+0=4 f. r(sd) = (rs)4

Matrix Multiplication

Multiplying B and x transforms x into the vector Bx. In turn, if we
multiply 4 and Bx, we transform Bx into 4(Bx). So A(BXx) is the
composition of two mappings.

Define the product 4B so that 4(Bx) = (4B)X.



Suppose 4 is m x n and B is n x p where

B=[bi by -

Then

b, ] and x =

X1

X2

Xp

BX =X1b1 +x2b2 o e +prp

and

A(BX)=A(X1b1 +be2 1 = +prp)

= A(X1b1) +A(x2b2) + .- +A(prp)

= x1Ab1 +.X.'2Ab2 + == +prbp = [Ab1 Ab2 Abp]

Therefore,

A(Bx) = [4b; Ab; - 4b, |x.

and by defining

AB = [4b, Ab, --- 4b,]

we have A(Bx) = (4B)X.

X1

X2




4 -2
EXAMPLE: Compute ABwhere4 =| 3 -5 and

0 1
2 =3
B = )
Solution:
_ —~ _ —
4 -2 5 4 2 - g -
Ab; = 3 -5 |: :|, Ab,; = 3 -5
6 -7
0 1 0 1 — —
— » _ _ , _
= 24 = 26
6 -7
_ s _
= AB = —24 26
6 -7

Note that 4b; is a linear combination of the columns of 4 and
Ab, is a linear combination of the columns of 4.

Each column of 4B is a linear combination of the columns of;l |
using weights from the corresponding columns of B.



EXAMPLE: If4is 4 x3 and B is 3 x 2, then what are the sizes of

AB and BA?
Solution: B ~ B B
X Xk X = =
X X
X ok X
AB = *x % =
k %k X
b I S
k %k %k — —_
= X ok ok
r *k X
X %k Xk
BA would be * %
k ok ok
b P
— o k k0 ok
which is

If 4is m xnand Bis n x p, then AB is m x p.




Row-Column Rule for Computing AB (alternate method)

The definition

AB = [4b, 4b, - 4b,]

is good for theoretical work.

When 4 and B have small sizes, the following method is more
efficient when working by hand.

If 4B is defined, let (4B), denote the entry in the ith row and jth
column of 4B. Then

(AB),']- = anbij + anby + -+ + ainby;.

ailr ap - Qdin

= (4B),




2 36

EXAMPLE 4 = I:
-1 0 1

AB, if it is defined.

}B

2 -3
0 1
4 -7

. Compute

Solution: Since 4is2 x 3 and B is 3 x 2, then 4B is defined and

AB is X

2 3
|:236:|
AB = 0 1
10 1
4 -7 |




THEOREM 2

Let 4 be m x » and let B and C have sizes for which the
indicated sums and products are defined.

a. A(BC) = (4B)C (associative law of multiplication)
b.A(B+ C) = AB+ AC (left - distributive law)
c. (B+C)A=BA+CA (right-distributive law)
d. #(4B) = (rA)B = A(rB)
for any scalar r
e. [nAd=A4=A4I, (identity for matrix multiplication)

WARNINGS

Properties above are analogous to properties of real numbers.
But NOT ALL real number properties correspond to matrix
properties.

1. It is not the case that 4B always equal BA. (see Example 7,
page 114)

2. Even if AB = AC, then B may not equal C. (see Exercise 10,
page 116)

3. Itis possible for 4B = 0 evenif 4 + 0 and B # 0. (see
Exercise 12, page 116)



Powers of 4

EXAMPLE:

BRI B B
L s

If A is m x n, the transpose of 4 is the » x m matrix, denoted by
AT, whose columns are formed from the corresponding rows of
A.

EXAMPLE: ) )
16 7

12345 | 27 6

A=| 6 7 8 9 8 = AT=| 3 8 5
76 5 4 3 49 4

- - 58 3




EXAMPLE: Let 4 = L & 0 , B =
301

AB, (4B)”, ATBT and B”A4T.

Solution:

13
ATBT=| 2 0 Lo
. 21 4

. Compute

10



THEOREM 3

Let 4 and B denote matrices whose sizes are appropriate for
the following sums and products.

a. (47)" = 4 (l.e., the transpose of 47 is A)
b. A+B) =47 +BT
c. Foranyscalarr, (r4)" = r4”

d. (4B)" = BTAT (l.e. the transpose of a product of matrices
equals the product of their transposes in reverse order. )

EXAMPLE: Prove that (4BC)" =

Solution: By Theorem 3d,

(UBC)T = ((4B)C)" = C7( )

:CT( ):

11
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