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3.1 Introduction to Determinants

Notation: A; is the matrix obtained from matrix 4 by deleting the
ith row and jth column of 4.

EXAMPLE:
12 4 | e “ i
=S 6 1
A _ + A23 _ C)\ \ O \/L
9 10 11 12 L
13 14 1% 16
a b
Recall that det[ ; :| = ad — bc and we let det[a] = a.
C

For n > 2, the determinant of an » x » matrix 4 = [a;] IS given
by

detd = ai;;detA; —appdetdip + -+ + (—1)1+”a1ndetA1n

= Z( 1)"Yay;detdy;

@m\
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EXAMPLE: Compute the determinantof4 =| 3 {—'1 2 |
2 xO,lj
Solution
= 2 _.J//.
det4 = 1det —2de + 0 det
= 0 1 2 1 . 2 0
_ - (m1-0) -2 () = —(2=1_
: 3 2
Common notation: det =
2 1 2 1
So
1 2 0
-1 2 3 2 3 -1
3 -1 2 |=1 = +0
0 1 2 1 2 0
2 0 1

The (i,j)-cofactor of 4 is the number C; where

Ci = (1) detd.

1
3
2

2 0
-1 2
0 1

= 1C11 +2C12 +0C13

(cofactor expansion across row 1)



THEOREM1  The determinant of an » x n matrix 4 can be
computed by a cofactor expansion across any row or down any

column:

detd = anCi +anCn + -+ amCi, (expansion across row i)

detd = ay;C1j + azCo + - + ayCy (expansion down
column y)

Use a matrix of signs to determine (1)

M. o . _
—_— + e
+ - +
12 0
EXAMPLE: Compute the determinantof4=| 3 -1 2
2 0 1
using cofactor expansion down column 3.
Solution
1 2 0
3 -1 1 2 1 2
3 -12 (=0 —2 +1 = 1,
2 0 2 0 3 -1
2 0 1
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EXAMPLE: Compute the determinant of 4 = i ; i
el = |TBl [ = ez 1241 035 |
Solution \ : ”;2.(2‘@—"&{}—_—_’\;\__

1 2 3 4

0215

0 0 2 1

0 035
215 2 3 4 2 3 4 2 3 4
~11lo211l-0lo211+0l215]|-01215
0 3 5 0 3 5 03 5 02 1

N N Y

Method of cofactor expansion is not practical for large matrices -
see Numerical Note on page 190.



Triangular Matrices:

(upper triangular) (lower triangular)

THEOREM 2: If 4 is a triangular matrix, then det 4 is the product
of the main diagonal entries of 4.

EXAMPLE:

f

= —24
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3.2

THEOREM 3

Properties of Determinants

Let 4 be a square matrix.

a. If a multiple of one row of 4 is added to another row of 4
to produce a matrix B, then det4 = detB.

b. If two rows of 4 are interchanged to produce B, then
detB = —detA.

c. If one row of 4 is multiplied by & to produce B, then
detB = k - det 4.

EXAMPLE: Compute

Solution

[\ I O e R
O 1 D»n N
3 O O W
_—

,__‘OO#

1 3 4

0 02 |=

013

!
W
o O

1 23 4
0500
2 7 6 10
2 9 7 11

1 3 4
2 6 10
2 7 11

0 = W
N W b
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Theorem 3(c) indicates that | 2k 5k 4k
* b 3 b3
2 4 6
EXAMPLE: Compute | 5 6 7
7 6 10
Solution
2 4 6 1 2 3
56 7 |=2[{56 7 |=2]0
7 6 10 7 6 10 0
1 2 3
=2(-4)1 0 1 2 = 2(—4)
0 -8 -11

* * *

=2(=M)M)(5) = -40

k

-8

S = N

X k%K
2 5 4

X X Xk

-11

whn N W




2 3 0 1
4 7 0 3 . .
EXAMPLE: Compute using a combination of
79 -2 4
1 2 0 4

row reduction and cofactor expansion.

23 0 1
2 31 2 31
. 4 7 0 3
Solution =214 7 3 |(=-21011
79 -2 4
1 2 4 1 2 4
1 2 0 4
2 31 1 2 4 1 2 4
=21 24 |=-2(231]|=-20 -1 -7
01 1 01 1 0O 1 1
1 2 4
=-2( 0 -1 =7 | =-"2(1)(-1)(-6) = - 12.
0 0 -6




AN Ty
TTD

N\ j
N L
Z/Q\Z u\ﬂ>|\
SEE TN
\Illi\\.\.
v |
= |
t ) N






i B ox *x - x 1
0O B x *
Suppose 4 has been reduced to U = 0O 0 W - x by
0O 0 0 "
0O 0 0 0 N

row replacements and row interchanges, then
~

C1y product of
detd = < pivots in U

0 when 4 is not invertible

) when 4 is invertible

.

THEOREM 4 A square matrix is invertible if and only if
det4 + 0.

THEOREM S5 If 4 is an » x n matrix, then det4” = detA.

Partial proof (2 x 2 case)

det a b :l—ad—bc and



(3 x 3 case)

a b c 7 4
det| der |=al T =87 |4e
_ h i g i
g h i
_adg._
h d
det|] b e h =ae —-b Elic
. Joi [
| ¢ f i
[ ] [ ]
a b c a dg
>detl d e f |=det|] b e h
Lghi c f i

Implications of Theorem 5?
Theorem 3 still holds if the word row is replaced

with  Colaumn




THEOREM 6 (Multiplicative Property)
For n x n matrices 4 and B, det(4B) = (det4)(detB).

EXAMPLE: Compute det4? if det4 = 5.

Solution:  de{4?) = det(444) = (detd)(det4)(det4)

= $'S-5 o (rs

EXAMPLE: For » x n matrices 4 and B, show that 4 is singular if
detB + 0 and detA4B = 0.

Solution: Since
(detd)(detB) = detdB =0

and
detB + 0,

then det4 = 0. Therefore 4 is singular.

11



2.2 The Inverse of a Matrix

The inverse of a real number a is denoted by a~!. For example,
71 = 1/7 and
7.7 1=71.7=1

An n x n matrix 4 is said to be invertible if thereisann x n
matrix C satisfying

where I, is the n x n identity matrix. We call C the inverse of 4 .

FACT If 4 is invertible, then the inverse is unique.

Proof: Assume B and C are both inverses of 4. Then

B=BI=B(AC )=(RA ) C =] -C =C

So the inverse is unique since any two inverses coincide. g
The inverse of 4 is usually denoted by 471.

We have

AA' =474 =1,

Not all n x n matrices are invertible. A matrix which is not
invertible is sometimes called a singular matrix. An invertible
matrix is called nonsingular matrix.

%'\W\ODKL\C»( 1 \f\l=0
nohn- s L'\.B\)\—\Q'( % \*?\\ % O



Theorem 4

Let 4 = l: g0 :l If ad — bc + 0, then 4 is invertible and

c d
d -b
A—l — adibc l: }
—C a

If ad — bc = 0, then 4 is not invertible.

Assume 4 is any invertible matrix and we wish to solve 4x = b.
Then

A" ax= A""b and so

—\ ~{
IXx= A5 ox= A-5.

Suppose w is also a solution to 4x = b. Then Aw = b and

A '4w= A" b whichmeans w =4"!b.

So, w =4"'b, which is in fact the same solution.

We have proved the following result:

Theorem 5

If 4 is an invertible » x n matrix, then for each b in R”, the
equation Ax = b has the unique solution x = 47'b.



EXAMPLE: Use the inverse of 4 = |: _57 32 :|to solve

—Tx1 + 3x»

Il
—_ NI

5x1 — 2x, =

Solution: Matrix form of the linear system:

R RN




Theorem 6  Suppose 4 and B are invertible. Then the
following results hold:

a. A-!is invertible and (471)"' = 4 (i.e. 4 is the inverse of
A7,

b. 4B s invertible and (4B)™' = B4~

c. AT is invertible and (47)™" = 41"

Partial proof of part b:

(AB)(B'A ) =4(_ BB )4

—A( T At=_ AR = T

Similarly, one can show that (B~147')(4B) = L

Theorem 6, part b can be generalized to three or more invertible
matrices:

UBC)y ' = < p A

Earlier, we saw a formula for finding the inverse of a2 x 2
invertible matrix. How do we find the inverse of an invertible
n x n matrix? To answer this question, we first look at
elementary matrices.



Elementary Matrices

Definition

An elementary matrix is one that is obtained by performing
a single elementary row operation on an identity matrix.

EXAMPLE: Let E;

W O =
O = O
_ O O

1
0
0

and 4 =

0 0
2 0
0 1

a b c

d e f
g h i

O O

E1, E», and E; are elementary matrices. Why?

_— O O

O = O




Observe the following products and describe how these
products can be obtained by elementary row operations on 4.

E1A =

E)A =

EzAd =

0

0

a

d e f

QU R

QU R

S K

b

S

a b c
2d 2e 2f
g h i

a b c
g h i
d e [

a b C

d e f
3a+g 3b+h 3c+i

If an elementary row operation is performed on an m x n matrix
A, the resulting matrix can be written as EA, where the m x m
matrix E is created by performing the same row operations on

L.



Elementary matrices are invertible because row operations are
reversible. To determine the inverse of an elementary matrix E,
determine the elementary row operation needed to transform E
back into 7 and apply this operation to 7 to find the inverse.

For example,

1 00 Ve ©
Es=| 010 El=| © ' °
30 1 "5 e )




1 0 0
Example: Let4=| -2 0 - | Then
0 1 0
100 |l 1 0 0 [
Eid=| 0 2 0 -3 0 4 |[=| -3
00 1 0 1 0 0
100 | 100 | [
Ex(Eid)=| 0 0 1 ~3 0 —
010 0 1 0
100 | 1 oo |
E3(E2E1A)= O 1 0O 0 1 O =
30 1 30 1
So
EsE,E1A = 15 |.

Then multiplying on the right by 471, we get

E3E2E1A A_( = 13 'Aﬁ[

So

E3EEq 15 = A7l




The elementary row operations that row reduce A to |, are
the same elementary row operations that transform |,, into
Al

Theorem 7

An n x n matrix 4 is invertible if and only if 4 is row equivalent
to I,,, and in this case, any sequence of elementary row
operations that reduces 4 to I,, will also transform 7,, to A7!.

Algorithm for finding A™!
Place 4 and I side-by-side to form an augmented matrix [ 4 I].

Then perform row operations on this matrix (which will produce
identical operations on 4 and I). So by Theorem 7:

[4 1] will rowreduceto [I 47! ]

or 4 is not invertible.

_ L _
EXAMPLE: Find the inverse of 4 = -3 0 1 |, Iifitexists.
0
Solution: B _
2 00[1 00 1005 00
[41]=]| 301|010 |[~=-~| 0100
0O 1 010 0 1 0 01 %
% 00
SoA4! = 0 0 1




Order of multiplication is important!

EXAMPLE Suppose 4,B,C, and D are invertible n x n
matrices and 4 = B(D - I,,)C.

Solve for D in terms of 4,B,C and D.

Solution: y Ny
B 4 ¢ = 00'BD-I,)C: C

D-1I,=B'4C™!

D-I,+ IT. =B1AC '+ T

D: g—'/(.c"(_(_fh

10
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