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Now (2) yields

10
(1 +0.4)e 00 g =

o 10
(1 4 0.41)(—20)e 003 _/ (0.4)(—20)e 005 g,
0

1
0

10
= —100e7%° +20+ 8 f o003 gy
0

—100e7%5 420 — 160(e %5 — 1) ~ 22.3

PROBLEMS FOR SECTION 9.5
%Use integration by parts to find the following:

() [ xe Vdx (b) [ 3xe™ dx ©) f (1 +x2e " dx G f xInxdx

i ) 1
G 2. Evaluate the following: (a)] xIn(x +2)dx (b)f 2%l (c)[ x2e dx
-1 0 Jo

@ Of course, f(x) = 1- f(x) for any function f(x). Use this fact to prove that

f FOdx = xf (x) — f X' (x) dx

Apply this formula to f(x) = In.x. Compare with Example 9.1.3.

@ el s

.JShow that | x* Inxdx = Inx — +C, —1).
[ PES 0+ 17 ks

&M 5. Bvaluate the following integrals (r # 0):

i3 T 7
(a) / bre " dt (b) f (a + btye ™" dt (c) f (a— bt +crh)e ™ dt
0 0 0

9.6 Integration by Substitution

In this section we shall see how the chain rule for differentiation leads to an important
method for evaluating many complicated integrals. We start with some simple examples.

[

EXAMPLE 1 Evaluate (a) / (2 +10%2xdx  (®) | xe ™ dx (c £ 0)
0

Solution:

(a) Attempts to use integration by parts fail. Expanding (x? + 10)* to get a polynomial of
51 terms, and then integrating term by term, would be extremely cumbersome. Instead,
let us introduce x? + 10 as a new variable. We let dx denote the differential of x, and
argue as follows: If we substitute u = x? + 10, then du = 2x dx, and inserting this
into the integral in (a) yields
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EXAMPLE 2 Evaluatef8x2(3x3— 1)1 dx.

Solution: Substitute v = 3x% — 1, Then du — 9x2 dx, sothat 8x2dx =

8 g8 1 8 4
/8x2(3x3 — D0y = §fu16du =g ﬁu” +C= 15—3(3x3 -D7+c

g ]
g du. Hﬁn(:e &

The definite integral in Example 1(b) can be evaluated more si
limits of integration. We substituted 1 —
to —ca®. This allows us to write:

a ) —ca? s —1 |—ea? 1 - :
L — e gy = e (] — g—ca
fo xe X f(} 2Ce U 2% |, e 20( e )

mply by “carrying over” the
—ex?. As x varies from 0 to @, 50 u varies from ()

This method of carrying over the limits of integration can be used in general. In fact,

gth)

b
/ Fe)g'(x)dx = fu)du (= g(x))

14 gla)
The argument is simple: Provided that F'(u) = f(u), we obtain

b g(b)

F(g() = Fe®) - F(g(@) = f £ du

&la)

b
f F(g(0)g'(x)dx =

a

) “l+Inx
EXAMPLE 3 Evaluate the integral f bud

1 X

Solution: We suggest the substitution u — 1 +Inx. Then du = (1/x)dx. Also, if
x=1thenu =1,andifx = e thenu = 2. So we have

€ 1 2 12
f +nxdx:/udu=~ u2:1(4—1):§
1 X 1 2 2 2

PROBLEMS FOR SECTION 9.6

@Find the following integrals by using (1):

(a) f(x2+])32xdx ®) f(x+2)mdx © szild
X

%
—x+38
@@Find the following integrals by means of an appropriate substitution:

() f x(2x% 43 dx (b) f 122 gy © f Bt 9

B 1 47,

2x +4

(d) fx«/l—l—xdx () /xS\/4-x3dx
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3. Find the following integrals:

1 cl 31
() [x\/1+xzdx (b) f 2 oy © f e dx
0 1 1 X

¥y

, *2 -2 5 e
4. Solve the equation Ty dt = In(3x — 1) for values of x satisfying x > 2.
L 12— E

t
5. Show thatf}S’(x(I)))'c(t) dt = §(x(t)) — S{x(1))-

0

HARDER PROBLEMS

&W 6. Calculate the following integrals:
! In x Y dx
(a) f (x* — x> - 1)'2dx (b) fwdx () f —_—
0 Vx 0 V14 Jx

G 7. Calculate;

4 G 13 gy 41 Pe
(@ f SRS (b) f S © :
L X (L +ev) o e +1 85 v2x—1—32x—1

(Hint: For (b), substitute 7 = ¢*; for (c), substitute z* = 2x — 1)

Infinite Intervals of Integration

In Example 9.6.1(b) we proved that
“ 2 1 .
xe " dx=—(1—-e"")
0 26

Suppose ¢ is a positive number and let @ tend to infinity. Then the right-hand expression
tends to 1/(2¢). This makes it seem natural to write

o0 " 1
[ xeetae =5,
0 2c

In statistics and economics it is common to encounter such integrals over an infinite interval.

In general, suppose f is a function that is continuous for all x > a. Then fab fx)dxis
defined for each b > a. If the limit of this integral as b — oo exists (and is finite), then we
say that f is integrable over [a, 00), and define

[ols] b
[ fO)dx = blimn flx)dx
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The solution procedure for the general linear differential equation (2) is somewhat mpps :.
complicated, and we refer to FMEA. :

PROBLEMS FOR SECTION 9.9
1. Solve the equation x*% = 1 — ;. Find the integral curve through (¢, x) = (I, 1).

& 2. Solve the following differential equations
(a) & =e¥x? (b) f=e ™ (€) *—3x =18
(d) %= (141)5/x° (8) BB g () %+3x =ze”
. Suppose that y = wke?’ denotes production as a function of capital k, where the factor e i

due to technical progress. Suppose that a constant fraction s ¢ (0, 1) is saved, and that capita]
accumulation is equal to savings, so that we have the separable differential equation

k=sake®, k(O) =k,
The constants o, £, and kg are positive. Find the solution,

. Suppose ¥ = Y (1) is nati(){]al product, C(z) is consumption at time ¢, and [ is investment,
which is constant. Suppose ¥ = (C+1—Y)and C = a¥ + b, where a, b, and & are positive
constants with g « |. )

(a) Derive a differential equation for ¥.
(b) Find its solution when Y(0) = ¥, is given. What happens to ¥(¢) as r — oo?
- (2) In a growth model production Q is a function of capital X and labour L. Suppose that

WK=y0, ()Q = K*L, (i) L/L = B with L(0) = L. Assume that B # 0 and
@ € (0, 1). Derive a differential equation for K.

(b) Solve this equation when K(0) = K.

- Find x(£) when El, x(:) = g for all 1. Assume that both ¢ and x are positive and that a is a
constant. (Recall that El, x(¢) is the elasticity of x(¢) w.rt. 1.)

REVIEW PROBLEMS FOR CHAPTER 9

@Fﬁnd the following integrals:

(a) f(—16) dx (b) f.‘is dx (c) f(s -ydy () f(r —4rl%y gy

© f 5 dx 0 f AEdr (@) f pisdp ) f o + x)dx

@Find the following integrals:
2

(a) / 2e%dx (b f (x —5e3%) dx (c) f (6™ + ¥y dx (d) f dx
x+5
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_ Evaluate the following integrals:

7.

GW 10.

GW 12.

Gw 13,

_ Find the following integrals:

. . B B X ﬁ)_c—
. Find F'(x) if F(x) _L (ﬁ+ ﬁ) du.

. (a) Define f for¢ > Oby () :4(

12 2 3
(a) f 50dx (b) f (x — $x%)dx (c) f (u+ 1) du
0 0 =

57 12 34;
d —d e[ ——dt
()ﬂzz (e) =

4
6] [U v2 + 9 dv
0

. Pind the following integrals:

oG 1 7o
(a}j %dx (b) f (1 +xHdx (c)[ gdt
X 0 0 e

e 2 0 3z
@ f (inx)* dx © j 22/7 o+ Ldx ® f Rl
i 0 o €45

25 1 T 1
(2) f 5T ﬁdx b) f (/1 + 2dt (© f 57x%/19x3 + 8 dx
1] 2 0

With C(¥) asthe consumption function, suppose the marginal propensity to consume isC'(Y)=
0.69, with C(0) = 1000. Find C(Y).

In the manufacture of a product, the marginal cost of producing x units is C'(x) = aelf* +y,
with 8 # 0, and fixed costs are Co. Find the total cost function C{x) E-

Suppose that the demand curve is f(Q) = 100 — 0.050 and the supply curve is g(@) =
10 -+ 0.1Q. Find the equilibrium price and quantity. Then calculate the consumer and producer

surplus.

The demand curve is Q)= 50/(Q +5) and the supply curve is g(Q) =45+ 0.1Q. Find
the equilibrium price and quantity. Then calculate the consumer and producer surplus. 1

In)?
t

_Find f'(t) and f"(t). 4

(b) Find possible local extreme points, and sketch the graph of f.

(¢) Calculate the area below the graph of f over the interval [1,%].

Solve the following differential equations:

(a) % =—3x (b) x+4x =12 (© *-3x=12x"

(d) 5% = —x (e) 3x+6x =10 o k-ix=xt

Solve the following differential equations:

(a) & =1x" (b) 2% +3x=—15 (€ x—3x=30 5
(d) 4+ 5x =101 (€) ¥ +3zx=¢ € F+3x=t ,
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14. (a) Let V(x) denote the number of litres of fuel left in an aircraft’s fuel tank if it has flown 4
km. Suppose that V (x) satisfies the following differential equation:

Vix)=—aV(x)—b
(The fuel consumption per km is a constant » > 0. The term —a V (x), with a > 0, is due
to the weight of the fuel.) Find the solution of the equation with V (0) = V.
(b) How many km, x*, can the plane fly if it takes off with V; litres in its tank?
(¢) What is the minimum number of litres, V,,, needed at the outset if the plane is to fly X km?
(d) Puth =8,a =0.001, V5 = 12000, and ¥ = 1200. Find x* and V,, in this case.

. With reference to “Income Distribution” in Sectiqn 9.4, in a population of n individuals let the
income distribution functionbe f(r) = (1/m)e™'" r € [0, co), where m is a positive constant,
(a) Show that m is the mean income.

(b) Suppose the demand function is D(p, r) = ar —bp. Compute the total demand x ( p) when

the income distribution is as in (a).

@W 16. A probability density function f is defined for all x by

(a and A are positive constants)

a
how that F(x) = ———
(a) Show that F(x) LR

- is an indefinite integral of f (x), and determine lim,_, o F(x)

i1l H oy (RO i oy 18
(b) Show that f_‘m f{#)dt = F(x), and that F{x) is strictly increasing.

(c} Compute F”(x) and show that F has an inflection point x;. Compute F(xy) and sketch the
graph of F.

(d) Compute [ f(x)dx.
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Lx() =K — f[; e ds = K —a(l —e %) /a. Note that x(t) — K — ijaast — oo. If K > u/a, the well will
never be exhausted.

. (a) m = 2bIn2. (The relevant number of individuals is n f;b Br—Ydr = nB/2b, whose total income is M =
n P Brtdr =nBIn2) (0)x(p)= [ nAprrdBr-2dr = nABp*HT' 207 =1/ - 1)

@ KG) - KO =[S +2+5dr =175 (b) K(T) - Ko = (T3 —13) + (T?* =) + 5(T —to)
. T = —lln(l LSS Ig(l/r)e” =T —1)/r.,soe’T —1=rS8,andsolve for T.)

. (a)SeeFig. A9.4.5. (b) [ (g(x)— f(1))dr = 31*(1—10)* = Oforallz. (c) [0 p@) f(r)dt =940+111In11 ~
066.38, [.° p(t)g(t)dt = 3980/3 — 1211n 11 ~ 1036.52. Profile g should be chosen.
. The equilibrium guantity is Q* = 600, where P * = 80. Then, CS = 0600

PS = [*°(60 —0.10)dQ = 18000.

. Equilibrium when 6000/(Q* +50) = Q" + 10. The only positive solution is 0* = 50, and then P* = 60.

O 6000 50
CS= [ I:Q +050 —60]dQ = [6000 IH(Q—l—SO)—ﬁOQ] — 60001n 23000, PS= f050(50-Q)dQ — 1250
0 0

(120 — 0.20)dQ = 36000, and

. (a) Use (1) with f(x) = x and g'(x) = €™ [xe*dx = x(—e™) — f1.(—e®)dx =—xe* —e " +C.
(b} 2xe* — %e‘“‘ +C (¢)—x2e™™ —2xe™* =3¢ +C (d) LeFlig — I+ C.

@ [, xln( +Ddx = |1 3G +2) — [ g7y dx = 13— L (r-2+ ) dx =233
(b)8/(In2) —3/(In2)* (c)e—2 '

. The general formula follows from (1}, and flnxdx=xlnx —x+ .

. Use (1) with f(x) = Inx and g'(x) = x*. (Alternatively, simply differentiate the right-hand side.)

C@br 1= (4 rTe ] Byar' (1 —e”T) +or2[1— (1 +rTe™]
©ar (1 —e"T)- br?[1 = (1 + rTye T +er™?[2(1 - gl ) e g S o £l

9.6
1. () 3>+ 1)° + C. (Substitute u = x* + 1, du = 2xdx.) (b) L+ 2)" + C. (Substitute u = x +2.)
(¢) In |x? — x + 8] + C. (Substitute u = 2 —x+8)
. () 2—14(2)c2 +3)8 4+ C. (Substitute u = 2x? + 3, so du = 4x dx. The integral becomes 1 [ du)
(b) 1e¥'+2 + C. (Substitute u = 2 (©) L(in(x +2))” + C. (Substitute u = In(x +2).)
SRSV I
214 x2) | 41 +x2)?

(d) 2(1 + 0032 = 21 + 0¥ + C. (Substitute u = <1+ x.) ()
0 L@d—x*?-@a-xyr+C.

. (a) Substitute u = /1 + x*. Then W =1 +x2 soudu =xdx. Ifx =0,u=Lifx=1u= /2. Hence,

[T e2dx = [Putde = |74 = 3@V2- 1. ® V2 (etu =lny) () L2 — ¢*3). (Let
u=2/x.)

=2 o g 5 1,2 2 5 ;
: r/i—i;a't =| In(z*=20)=In(x" —2x) —In3 =In3(x — 2x) = 5x — 1. Hence, x —4x +3 =0, with
3 - 3 ) '
solutions x = 1 and x = 3. Butonly x = 3 is in the specified domain. So the solution is x = 3.
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5. Substitute z = x(¢). Then dz = X(t)dr, and the result follows using (2).
6. (@) 1/70. ((x* —x) (6% = )12 = —x4(x5 — 1)13 (0) 2¢/xInx —4/x + C. (Letu = /T.) (c) 8/3

will
7. (@) 2In(1 + €*) — 2In(1 + ¢) ®I2—Ine ™+ 1) (©7+2n2
1 =
9.7
L@ fla7de = [(~4x?) = 1 = 12 5 Lash s o0 50 [PxYde = L,
) [P x"12dx = [Y2x'P = 9512 8 5 sous bis oc, so the integral diverges.
(©) 1 (d) fy'x/va? = x%dx = — lo Val—x =g
| = +0 b 1 1 b
2. dx = dx = =——(Mb—-a)=1
@[ sewdr= [ ara L x= -0
Hoo W O 1 L
b dx = — dx = —— = — (b — = - b
( )f,m i bkaf,, s e-al,t T a® e =5a+h
1 P 1 -d 1,
== = - b+b?
g LT = 6 g @ ith
150 3. Using a simplified notation and the result in Example 1, we have:
@ [y xre™dx = — |Pxe™™ 4 [F e gr = 10 ()1 /A () 2/
4. The first integral diverges because fob[x/(l +xH)]dx = [8 % In(l +x2) = % In(I 4+ 5% — oo as b — co. On the
other hand, f_hb[x/(l +x)]dx = ]lib %ln(l +x?) = 0 for all b, so the limit as b — oo is 0.
5. (a) f has a maximum at (¢'/3, 1/3¢), but no minimum. (b) j;; x 3 Inx dx diverges. S x inxdx = 1/4.
13 6. 1/(1+x?) < 1/x% forx > 1, and flb(I/xz)dx = H’(ﬁl/x) =1-=1/b— lasb — co, so by Theorem 9.7.1 the
integral converges,
7. 4/5

8 @z=f{(ljr)e " ds = (1 — e rr (b)z= fj2(r —s)r2e s = @/ro) [ = (1/ro)1 - e )]

9. [x7%dx = —x~' 4 C. So evaluating Jh x2dx as L, —x~" gives the nonsensical answer —2. The error arises
because x* diverges to 400 as x — 0. (In fact S, x72dx diverges to +o00.)

10. Using the answer to Problem 9.6.6(b), j;: (Inx//x)dx = j}!Qﬁlnx —4/x) = —4—2VEInh— 4/ - —4
ash — 0", so the given integral converges to —4. (v/hInh = In h/h=12 5 0, by I’Hopital’s rule.)

11. f,"[k/x —k*/(1 + kx)]dx = kIn[1/(1/A +RI=kIn[1/(1+5)] — kIn(1/k) — kIn[1/(1 + k)] = In(1 + 1/k)
as A — 00. S0 Iy = In(1 + 1/k)¥, which tends to Ine = | as k —» 0o,

12. The proofs are given in SM.

9.8

1. The functions in (¢) and (d) are the only ones which have a constant relative rate of increase. This accords with (3).
(Note that 2! = ¢{n2) y

2. @) K(t)=(Ko—1/8)e™* +1/5 (b) (i) K (1) = 200 — 50" and K () tends to 200 from below as ¢ — 00,
{i1) K (t) = 200 + 50e99% and K (1) tends to 200 from above as r — oo,

3. Nty = P(1—e™™), Then N(t) = P ast — oo,
4. N(t) = 0.02N(r) + 4 - 10°. The solution with N(0)=2-10%s N() = 2 1062202 _ 1y,
5. & = 0.11n(705/641) 2 0.0095. P(15) ~ 739, P(40) ~ 938
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6. The percentage surviving after ¢ seconds satisfies p(t) = 100e7%, where p(7) = 70.5 and 50 § = —In0.705/7
0.05. Thus p(30) = 100e™" =~ 22.3% are still alive after 30 seconds. Because 100e™" = 5 when ¢ ~

In20/0.05 = 60, it takes about 60 seconds to kill 95%.
7. (@) x = Ae™®Y (B K =AM (0 x = Ae05 410 (d) K = A®Y — 500 (&) x = 0.1/(3 — Ae™lY)
) K =1/2— Ae")
230

8. (a) y(1) = 250 +

Tractors (in 1000)

100

0 :
0 5 10 15 20
(1950) (1960) (1970)

el

Figure A9.8.8

9, (a) Using (7) we find N (r) = 1000/(1 + 999,039 After 20 days, N (20) = 710 have developed influenza.
(b) Approximately 21 days.  (c) After about 35 days, 999 will have or have had influenza. N{z) — 1000 as 1 — co.

10. At about 11:26. (Measuring time in hours, with ¢ = 0 being 12 noon, one has T = k(20 — T) with T(0) = 35
and T(1) = 32. So the body temperature at time isT() =20+ 15¢7% with k = In(5/4). Assuming that the
temperature was the normal 37 degrees at the time of death ¢*, then t* = —In(17/15)/ In(5/4) =~ —0.56 hours, or

about 34 minutes before 12:00.)

9.9
1. General solution: x = /5t — 32+ C. x(1) = 1 yields C = —3/2. (The equation is separable: [x*dx =

fQ—=ndt, %xﬁ =t- %rz—&-C;,xi =5t %tz +5C), % ="2f51— gt2+5C1,andputC =5Cy.)

2. (@)x =3 +C (B)x=—In(e”'+C) (x= Ce¥—6 (x=Yd+0 +C (x=Ce¥+j31+;
Hx=Ce ™+ %612—31

3. k = koee/BXe =D

b1 b1 [
b+ )e—a(lfd)T+Lﬁzj+laSIﬁw-

4, (a)f’:a(a—l)YJra'(b—i—I—) (b)Y:(YQ—I‘a P 7
- —a

. 1/(1-a)
5. (a) From (iii), L = Loef so K = y K% Loef!, aseparable equation. (b) K = [&%Lg(eﬂ’ — 1)+ K(}’“] j

6. x(r) = At where A is an arbitrary constant.

Review Problems for Chapter S

L @-16x+C OSx+C @3y—1y7+C @37 - ¥r+C @55°+C O 1Py C
(@ —ip™+C M3+ 37 +C

2 @1 C M) Ixt—Les +C (@ —je 44 +C @2llx+5[+C

tn
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(2)600 (b)2/3 (c)24 (d)2In5 (e)3In(8/3) (f)98/3
(a) 5/4 (see Example 9.7.2).  (®) |y (1 +x%° =31/20 () [°5te™ — [°Se~ dt =5 [P e~ = -5
(@ fUnx)?dx = |{x(nx)* =2 [[Inxdx =e—2|{(xInx —x) =e—2

@ P22+ 132 =292 ~1)=52/9 (D |° LIn(e* +5)=L1(n6-1n5) = L In(6/5)

. (2) 10 — 181n(14/9). (Substitute z = 9 + /x.) (b) 886/15. (Substitute z = +/t + 2.) (c) 195/4. (Substitute

2= ¥19x3+8)

C F'x) = 4x — 1) (f @ xum ) du = ) 302 4 2xu! P = 3x37 — 08 —4x)

. C(¥) =0.69Y + 1000 8.C(x) = %(eﬁ“" —D4+yx+C

. P* =70, Q" = 600,CS = 9000, P§ = 18000  10. P* = 0* =5,CS =50In2 — 25, PS = 1.25

L@ () =42 —1nn/ 2, £ =8[(In1)> —3Ine +11/13.  (b) (e, 16/¢?) is a local maximum point, (1, 0)

is a local (and global) minimum point. See Fig. A9.R.11. (c) Area=32/3. (Hint: j o)t %(In N}+C)

Y y

— N s BoLh

xp = —(lna)/x x

Figure A9.R.11 Figure A9.R.16

12.

13.

14.

15.

16.

() x =Ae™™ (Mlx=Ae¥+3 ©x=1/(Ae¥ —d)andx =0. (d)x = Ae~3! (€)x = Ae™ +35/3
Hx= 1/(/1@"’5' —Dandx = 0.

()% =146 = %rz) andx(1)=0. M)x=Ce™? -5 ()x=Ce¥ —10 (d)x=Ce™> 421 — %
x=Ce?+ 3¢ Dx=Ce¥+32-%t+%

@ V) = (Vo + b/a)e™ —bja (b) V(x*) =0 yields x* = (1/a) In(1 +aVo/b).
() 0= V(&) = (V, + b/a)e™ — b/a yields V,, = (bja) (™ — 1).
(d)x* = (1/0.001) In(140.001-12000/8) =~ 916, and V,, = (8/0.001)("%0T1200 _ 1y — 8000(e' 2 —1) == 18561.

(@) [,° f(rdr = [;°(1/m)e™" dr = | (as in Example 9.7.1) and [ rf () dr = % r(1/m)e™"/" dr = m (as
in Problem 9.7.3(a)), so the mean income is m.
(b) x(p) = nfom(ar —bp) f(rydr =na fam rf(r)dr —bp [§° f(r)dr = n{am — bp)

(a) Verify that F'(x) = f(x). limy o F(x) = 1 and lim,, _ F(x) = 0.
) [* FO)dt = lim o [¥ f(0)dt = lim,, o [F(x) — F(@)] = F(x), by (a). Since F'(x) = f(x) > 0 for
all x, F(x) is strictly increasing. For (c¢) and (d) see Fig. A9.R.16 and SM.

Chapter 10
10.1

1.

2.

{a) (1) 8000(1 + 0.05/12)%1% & 10266.87  {ii) 8000¢1 + 0.05/365)°% = 10272.03
(b)r =In2/In(1 4+ 0.05/12) ~ 166.7. I takes approximately 166.7/12 = 13.9 years.

(a) 5000(1 + 0.03)1% = 6719.58  (b) 37.17 years. (5000(1.03)’ = 3 - 5000, s0 ¢ = In3/1n 1.03 ~ 37.17.)




