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Problems for Lecture 10

GRA 6035 / ELE 3781 Mathematics

Key Problems

Problem 1.

Solve the differential equations:
a) y =3t2+2

Problem 2.

Solve the differential equations:
a) y =5y

Problem 3.

Solve the differential equations:
a)y +3y=26

Problem 4.

Solve the exact differential equations:

a) 3t2 -2t +2y-y =0

Exercise problems

Problems from the textbook:
Exam problems:

Answers to Key Problems

Problem 1.
a) y=t3+2t+C

Problem 2.
a) y = Ked

Problem 3.
a) y =2+ Ce™3

Problem 4.

a) y=Vi2-t3+C

b) ty/ =1
b) ¥ =yt
b) ¢ — 2ty =4t

b) 2y —3t2 +2(y +t)y’ =0

[E] 7.1 - 7.23
[Final exam 11/2019] Q3ab

b) y=In|t|+C

b) y = —2/(t? + 20)

b) y = —2 + Cet’

b)y=—-ttVt2+t3+C

c) ¥ =tvt2+1

¢) ¥ = 5y(1 —y/10)

c)y+2y=c¢

y(1—-2Int) Int

,_
C) —7,)—+t—2y =0

c) y=i+1)VE2+1+C

c) y=10- Ke%/(1 + Keo)

c) y=3e' +Ce %

Cci?

C)Z/:l—ﬂ
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Problems for Lecture 11 GRA 6035 / ELE 3781 Mathematics

Key Problems

Problem 1.
Find the equilibrium states and determine their stability. Sketch the solution curve y = y(t).

a)y =6—2y b)y =y>—4 c) ¥ =5y(l —y/10)
Problem 2.
Solve the differential equations:
a) y" + 6y’ — 16y = 16t — 22 b) ¢’ + 6y + 9y = de™
c) ¥ — 3y + 2y = 3e* d) y" —y =12
Problem 3.
Show that there are separable, non-linear differential equations with the following functions as particular solutions:
2
=+t2 -3 b) y =
a) y Jy=1"p0

Exercise Problems

Textbook problems: [E] 7.24 - 7.34
Exam problems [Final 12/2015] Q2, [Final 11/2017] Q2, [Final 11/2018] Q2ac, Q5,
[Final 01/2021] Q3bc

Answers to Key Problems

Problem 1.
a) ye = 3 is globally asymptotically stable

b) y. = —2 is stable (but not globally asymptotically stable), y. = 2 is unstable
¢) ye = 0 is unstable, y. = 10 is stable (but not globally asymptotically stable)

Problem 2.

a) y=Cre 8 +Cy et 41—t b)y=Cre 3+ Cote ™ 4 gt

c) y = Cye? + Coel + 3te d)y=Cret +Coet—12 -2
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Problems for Lecture 12 GRA 6035 / ELE 3781 Mathematics

Key Problems

Problem 1.
Write the systems of differential equations on matrix form and solve them:
g Y1 = Witu i = v o U = mthntd
yp = 5y1+2y vy = 4dy1+ 3y Yo = y1—2y2—3
Problem 2.

Solve the systems of differential equations:

B B 1 1 2 1 1 ~1
a)y=|0 -3 0]y y0=|0 b)y={-1 2 0]y, yO0)=]|-3
1 0 -5 0 3 -11 8

Problem 3.
Rewrite the differential equation 3"’ +4y” +y' — 6y = 0 as a system of first order linear differential equations, and
solve the system of differential equations.

Problem 4.
Let y(t) = 32t — 5et + 123

a) Find a linear second order differential equation that has y as a particular solution.
b) Find a linear third order differential equation that has y as a particular solution.

¢) Find a 3 x 3 matrix A such that y’ = Ay has y = (y,7/,y”) as a particular solution.
Y

Problem 5.
Find the equilibrium states and determine their stability:
a) Yy + 7y +10y =5 b) ' +y —20y=1 c) "' +4y" +y — 6y =12
-5 0 1
d)Y’ZG _42>y+<_33> e)y={0 =3 0y
1 0 -5

Exercise Problems

Problems from the textbook [E] 9.1 - 9.7

Final exam problems 11/2018 Q2,Q5, 01/2019 Q2, 01/2020 Q3, 03/2021 Q3bc
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Exam Final exam in GRA 6035 Mathematics
Date December 2nd, 2021 at 0900 - 1200

This exam consists of 1241 problems (one additional problem is for extra credits, and can be skipped).
Each problem has a maximal score of 6p, and 72p (12 solved problems) is marked as 100% score.

You must give reasons for your answers. Precision and clarity will be emphasized when
evaluating your answers.

Question 1.
We consider the matrix A and the vector v given by

10 2 1 -1
3 2 0 -1 0
A=14 9 2 0| V=] 2
1 -2 8 5 -3

(a) (6p) Compute the rank of A, and find a base of the column space of A.
(b) (6p) Show that v is an eigenvector of A, and find the corresponding eigenvalue.
(c) (6p) Find the determinant of A.

Let S be a symmetric 3 x 3 matrix with eigenvalues A=1, A =2 and A =4.

(d) (6p) Show that S has an inverse matrix, and determine the definiteness of S7*.

Question 2.

(a) (6p) Solve the differential equation y" + 3’ = 6e3.

(b) (6p) Solve the differential equation t(y’ — y) = y.

(c) (6p) Solve the difference equation yio + 3ys+1 — 4y: = 5.
(d) (6p) Solve the system of differential equations:

1 1 2 5
y=[]-120 1]-

0 1 3 3
Question 3.
Let g(z,y, z,w) = 3z% + 2zy + 8z2 — 2zw + y? +4yz + 2yw+ 722 + 4w?, and consider the Kuhn-Tucker
problem given by

max f(z,y,2) =z +y+ 2+ w subject to g(z,y,z,w) < 18

(a) (6p) Determine the definiteness of the quadratic form g.

(b) (6p) Write down the Kuhn-Tucker conditions of the problem in matrix form.

(c) (6p) Write down the non-degenerate constraint qualification in this problem, and find all
admissible points where this condition does not hold (if there are any).

(d) (6p) Solve the Kuhn-Tucker problem.

(e) Extra credit (6p) Determine whether the set D = {(z,y,2z,w) : g(z,y,2,w) < 18} of
admissible points is a compact set.



