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Question 1.

Let f be the function given by f(x, y, z, w) = x2 − y2 + y3 + yz + z2 + w2.

(a) (6p) Compute the partial derivatives and the Hessian matrix of f .
(b) (6p) Find all stationary points of f , and classify them as local max, local min or saddle points.
(c) (6p) Is f convex? Is it concave?

Question 2.

We consider the matrix A given by

A =


a 1 0 0

1 a 0 0

0 0 1 −1

0 0 −1 1


(a) (6p) Compute the determinant and rank of A.
(b) (6p) Determine all values of a such that A is positive semidefinite.
(c) (6p) Find all eigenvalues of A.

Question 3.

Solve the following differential equations:

(a) (6p) y′′ − 7y′ + 10y = 4et − 5
(b) (6p) ty′ + (2 − t)y = e2t (when t > 0)
(c) (6p) 3y2te−ty′ + (y3 − 1)e−t = te−ty3 (when t > 0)
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Question 4.

We consider the following Kuhn-Tucker problem:

min f(x, y, z, w) = x2 + y2 + z2 + w2 subject to

{
xy + 1 ≤ 0

2zw + 8 ≤ 0

(a) (6p) Write down the Kuhn-Tucker conditions. Show that there is a solution of these conditions
with (x, y, z, w) = (1,−1, 2,−2), and find the corresponding multipliers.

(b) (6p) Show that (x, y, z, w) = (1,−1, 2,−2) solves the Kuhn-Tucker problem.
(c) (6p) Estimate the minimum value in the Kuhn-Tucker problem we obtain when we replace

the second constraint with 2zw + 7.9 ≤ 0.

(d) Extra credits (6p) Find all solutions of the Kuhn-Tucker conditions in a).
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